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Abstract

This report has two contributions to the the area of modern flight clearance
methods. An overview of different optimisation methods which have the capability
to improve both the reliability and efficiency of the flight clearance process is given.
Both global and local methods are treated since recent results show that hybrid al-
gorithms, based on amalgamated approaches where global methods are efficient to
find regions where global extreme points are located and local methods with fast
convergence to find the solutions to the optimisation problem, are superior to using
one single method. Introduced are also new ideas to use models preserving more non-
linearities than in the traditional clearance analysis work where a set of prescribed
manoeuvres are performed and the robustness of the chosen controller is evaluated
using Lyapunov techniques. Finally, the worst case pilot control input problem is re-
visited and clearly stated in a mathematical fashion, allowing a deeper understanding
and more comprehensive analysis.
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1 Introduction

Modern aircraft use fly-by-wire flight control systems (FCS) to enhance han-
dling qualities, safety and controllability. But introducing fly-by-wire systems
(i.e. the aircraft becomes computer controlled) also introduces the possibility
of unwanted dynamical properties like instabilities and other uncontrollable
modes through the design of flight control laws (FCL). The process of clearing
the FCS, proving to the authorities that it fulfils all requirements, becomes
an increasingly expensive and time consuming task as the FCS becomes more
complex.

In principle it must be shown that for each point of the flight envelope,
for all possible aircraft configurations and for all combinations of parameter
variations and uncertainties, there should be no possibility to drive the aircraft
into an uncontrollable state.

This is however very difficult since there are infinitely many combinations of
flight modes, aircraft configurations and pilot inputs to analyse. The required
clearance criteria, often expressed as stability and handling requirements, are
somewhat rationalised and the task to show that they are fulfilled is not impos-
sible but popularly referred to as mammoth sized. Typically, the criteria cover
both linear and nonlinear stability, as well as various handling and performance
requirements.

Current flight clearance schemes employed by the European aerospace in-
dustry rely heavily on exhaustive search for dangerous cases by gridding tech-
niques whereby the various clearance criteria are evaluated for many combina-
tions for different values of the aircraft’s uncertain parameters. This process
is repeated over a grid of the aircraft’s flight envelope and for different flight
cases. Obviously this is a process which is costly both in terms of simulation
and computer time as well as in man effort.

There is a need to improve flight clearance methods and a promising ap-
proach is to use optimisation based methods to find the cases in the flight
envelope where the combination of parameter values and control inputs per-
forms worst.

The idea of optimisation based flight clearance is to use more advanced
search methods to find cases that are close to, or violates defined criteria.
Instead of using a simple grid technique the parameter space is searched by
effective numerical schemes. To use such methods the clearance criteria, which
are often stated as stability or performance requirements, need to be reformu-
lated as optimisation problems. For a stability criterion this would mean that
instead of searching for any combination of flight case and aircraft configura-
tion that makes the system instable the problem is to find the case with the
smallest stability margin and see if it is unstable.

For simple criteria, such as linear stability (based on a linearised model),
this is rather straight forward and some results about those and other criteria
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can be found in [3, 12]. In [19] the method is also applied to cases with vary-
ing pilot input. In COCFLUO-D1.2.1 the presently used clearance criteria for
civil aircraft are stated and it is shown how they are transformed into optimi-
sation problems. In this report we suggest a novel route for Lyapunov based
stability analysis and clearance utilising Carleman linearisation/bilinearisation
techniques.

The aim with the current project is also to extend the clearance criteria with
the goal to find unstable or in other way undesired behaviour of the closed-loop
system pilot-FCS-aircraft in a complete search without decomposing the sys-
tem into separate linearised parts which might result in overlooked dangerous
cases. The challenge of this approach is to parameterise the pilot signal in
an efficient way allowing for all possible pilot inputs represented with a small
set of parameters. Hopefully this method can be extended to also analyse the
envelope protection system of the FCS.

This report examines different optimisation methods which have the ca-
pability to improve both the reliability and efficiency of the flight clearance
process. The report is divided as follows. Chapter 2 is dedicated to the global
optimisation problem regarding the worst case pilot control input. The problem
is defined and stated as an optimisation problem both in infinite continuous
and discrete settings. Chapter 3 describes global optimisation and methods
used. In chapter 4 local methods are described and finally, in chapter 5, the
Lyapunov approach with Carleman linearisation/bilinearisation is described.

2 Worst case pilot control input problem

The mathematical content of the worst case pilot control input problem may
be stated as a global optimisation problem. Given a model for the closed loop
aircraft motion + actuator dynamics + flight control system (FCS)

ẋ(t) = f(x(t), u(t), p),

where x(t) is a vector of all state variables, u(t) is a vector of pilot controls
(e.g. stick and pedal deflections) and p is a vector of time independent1 model
parameters (uncertain aircraft parameters). Given also is a performance mea-
sure J(x(·)), depending on the state variables over some time horizon [0, T ].
We would like to solve the global optimisation problem of finding the minimum
(or maximum) value2

J∗ = minJ

over some set of input functions u(·) and parameters p subject to the closed
loop aircraft dynamics. For some cases a global minimiser u∗ is also required.

1In reality some of the parameters may be (slowly) time varying, but for simplicity we
shall consider only the time invariant case here.

2Strictly speaking, we are seeking J∗ = inf J here, but we will stick to “min” in this
informal presentation.
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Two related objectives have been discussed in the literature. For clearance
of FCS’s the calculation of the worst case pilot input is part of a clearance
criterion aiming at assessing the envelope protection system (e.g. manoeuvre
load limiter). If the minimum value J∗ exceeds some given level of performance
J0, the FCS is cleared. If not, the criterion is violated and the minimiser
u∗ has to be found (for redesigning the FCS or imposing flight restrictions).
Another objective concerns prediction of departure from controlled flight for
agile fighter aircraft. Here one is interested in finding control inputs u(·) that
have the potential of leading to loss of stability or controllability (departure in
a wide sense).

We will refer to these two specific objectives as FCS clearance and departure
prediction respectively. The search for worst case control input could also be
part of a broader methodology for designing/testing new clearance criteria
or identifying problematic flight conditions during aircraft development (e.g.
finding undesirable limit cycles that neither engage the envelope protection nor
lead to loss of stability, see for example [31]).

Numerical algorithms for solving the stated optimisation problem will only
find a solution within some (often unknown) bound, and there is an inevitable
trade-off between accuracy and computing effort. In order to establish an FCS
not cleared it is sufficient to present some control input u(·) for which the
performance measure J is less than J0. This may be done by using a coarser
numerical method. To have an FCS cleared, however, we must confidently
assert that a global minimum value J∗ > J0 has been found, and this is a
much more difficult problem.

In case of departure prediction, the requirements on precisely locating the
global minimiser u∗ may be less severe, which lessens the burden on the opti-
misation algorithm. On the other hand, it may be important to find all global
minimisers, or even a number of local minimisers as well [38].

The special case where the control input u(·) is a fixed given signal and
the optimisation is performed only over the uncertain aircraft parameters was
discussed extensively in [66] (two inputs were considered, a rapid and a slow
pull in pitch stick). Important results for this problem were obtained by [18]
and [39].

2.1 Statement of the optimisation problem

We are interested in the following infinite dimensional global optimisation prob-
lem (optimal control problem, dynamic optimisation problem)

min J(x(·))
s.t. ẋ(t) = f(x(t), u(t), p), x(0) = z, (1)

z ∈ Q, |u(t)| ≤ 1, |p| ≤ 1, t ∈ [0, T ]

where the pilot controls and uncertain aircraft parameters have been normalised
to unit intervals (boxes). The feasible domain is infinite dimensional since u(·)
is a function of time. The set Q represents initial conditions, each element
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corresponding to a given flight condition (FC) and a specific flight case, e.g. an
equilibrium state (straight and level flight) or a pull-up manoeuvre.

For flight clearance it is desirable that Q contains FCs covering a continuous
region of the flight envelope. For some problems it may be necessary to include
constraints on the state variables x. To keep x inside available aero-data limits,
for instance, one could introduce a penalty function in the performance J .

The performance measure used for departure prediction in [53] and [38]
was of a traditional integral-type of cost functional. The measure used by [31]
illustrates well the possibility of tailoring J against the specific questions asked.

For FCS clearance, J is chosen in [67] as the minimum value over the time
horizon of a signed distance s(·, ·) from the current values of some output
variables ye(t) (the indicator variables) to the boundary ∂S of a bounded and
convex safe set S specified in ye-space (s is defined positive inside S)

J(x(·)) = min
t∈[0,T ]

s(ye(t), ∂S).

To simplify notation, we will write the signed distance directly as a function h
of the state variables through the dependence of ye on x

h(x) = s(ye, ∂S).

Let us further introduce the state transition function x(t) = φ(t, 0, z, u(·), p),
which makes explicit the dependence on {z, u(·), p} of the solution to the dif-
ferential equations in (1). The optimisation problem then becomes that of
finding

J∗ = min
z,u(·),p

min
t

h(φ(t, 0, z, u(·), p))

and the FCS is cleared if J∗ > 0.
The character of an optimisation problem is, in general, very dependent

on the objective function. This may rise the question whether the solution
(especially the minimiser u∗) of our optimisation problem above depends, for
instance, on the choice of metric used in the signed distance function s. This
could be tested by solving a set of optimisation problems, each with a different
scalar indicator variable ye (e.g. the aerodynamic angles α, β etc.). An alterna-
tive approach would be to stack the resulting distances in a vector J̄ and ask for
a set of Pareto-optimal solutions, i.e. to pose the problem as a multi-objective
optimisation problem [7]. Interesting new results in this direction are given in
[2].

2.2 Optimal control setting

Before we enter a discussion of different numerical solution methods, it is in-
teresting to remain in an infinite dimensional setting and look at the problem
from a continuous time optimal control point of view. To simplify matters,
suppose we fix the model parameters p to some value.
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The stated FCS clearance problem is an “inf-min” optimal control problem
treated, among others, by [11] and [34]. The corresponding “value function” is
defined by

V (x, t) = inf
u(·)

min
τ

h(φ(τ, t, x, u(·)))

It is shown in [34] that V satisfies the Hamilton-Jacobi-Bellman equation

∂V (x, t)
∂t

+ min{0,min
u(t)

∂V (x, t)
∂x

f(x, u(t))} = 0, V (x, T ) = h(x).

If a solution V to this equation is found (in general a viscosity solution), the
optimal value J∗ of our original problem is given by J∗ = minz∈Q V (z, 0). If
Q is a discrete set, this reduces to a number of function evaluations.

The condition for FCS clearance J∗ > 0 is clearly equivalent to the condition
that Q is a subset of the zero level set Z of the value function V at t = 0

Q ⊂ Z = {x ∈ Rn |V (x, 0) ≥ 0}.

Thus, if we could effectively compute such level sets it might in principle be
possible to clear a continuous region of the flight envelope all at once.

This point of view is related to the technique for computing “reachable
sets” presented in [62] and [42]. Let L = y−1

e (S) be the preimage of the safe
set S under the mapping x → ye. It is then obvious from the definition of the
function h that L is also the zero level set of h

L = {x ∈ Rn |h(x) ≥ 0}.

The set L is clearly the set of states where we want the system to remain during
[0, T ] for all possible control inputs. In [34] it is shown that Z actually is the
set of all initial conditions at t = 0 from which the system will remain in L
for all control inputs. If we could get hold on Z the FCS clearance problem
would be solved. First, however, we have to solve the HJB equation which is
not an easy matter considering the high dimensionality of the state space (see
the cited references for pointers to solution methods).

2.3 Control parameterisation

There are two obvious approaches for bringing the infinite dimensional prob-
lem into a finite dimensional one, in the optimisation literature known as the
simultaneous and the sequential approach respectively [9, 48].

In the former case, a complete discretisation is carried out both of the state
variables and the control inputs. This results in a purely algebraic (“ordinary”)
optimisation problem, but the drawback is a very large increase in the number
of variables and constraints.

In the sequential approach, only the control input is discretised by some
method of parameterisation. This results in a finite dimensional optimisa-
tion problem with differential constraints. Such constraints are called “non-
factorable” in the terminology of [41], i.e. not expressible by a finite sequence
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of arithmetical operations and univariate elementary functions. By using the
state transition function, these constraints may be eliminated, making instead
the objective function nonfactorable (as we did above). Even though this leads
to a “black-box” attitude, it may still be possible to calculate or estimate gra-
dient information (the Hessian) for some systems.

The three papers just cited present rather sophisticated deterministic meth-
ods that, more or less, guarantee attaining the global solution. Unfortunately,
they work only in very low dimensions.

Common control parameterisations are piecewise constant and piecewise
linear profiles, with fixed or variable switching times. This may give a quite
general representation for sufficiently many parameters. If some a priori infor-
mation about the characteristics of the problem is available, a lower dimensional
search space may be possible by parameterising a set of given functions (e.g.
polynomials or periodic functions).

In the context of worst case pilot input problem the work [53] used piecewise
constant inputs with fixed switching times (3 levels and 1 sec frequency). Sim-
ilarly, [38] also used a piecewise constant input (4 levels and 1 sec frequency)
but made the signal continuous by including a small (125 millisec) ramp to
connect the levels (making it a special case of piecewise linear). This type of
“stick shaping” applied to a piecewise constant pilot signal was also used in
[40]. An example of a parameterised (harmonic) family of input functions is
given in [31].

Thus, the piecewise constant pilot signals constitute a set of input signals
which is probably sufficient to produce worst-case behaviour in a large set of
clearance problems, especially if one considers the possibility of letting the
values vary continuously.

3 Global Optimisation

We will in this section collect some basic facts about global optimisation and
give some references. In the next two sections we summarise a number of
methods that have been discussed in the literature in connection with FCS
clearance.

Dynamic optimisation problems are often nonconvex and local methods will
not find the global optimal solution. Little or no information on global function
properties may be available, e.g. Lipschitz constants. Function evaluations may
be expensive (based on simulation). It is also well known that even quite simple
dynamic optimisation problems may have numerous local minima [33].

The continuous global optimisation problem is defined by a real valued
objective function f defined on a feasible domain A ⊂ Rn and by asking for
the global minimum value

f∗ = min{f(x) |x ∈ A}.

If f is a continuous function and A nonempty and compact, then by the
theorem of Weierstrass there always exists at least one global minimiser x∗ in
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A, f(x∗) = f∗. The problem may also include that of locating one, several or all
of the global minimisers. The set A is usually defined by specifying constraints,
in our context A is a bounded box in Rn (xL

i ≤ xi ≤ xU
i , for i = 1, ..., n) . The

resulting problem is called a bound constrained problem.
There exists no general constructive criterion characterising the global min-

imum and the optimisation problem is in general unsolvable. Often one has
to be content with a sufficiently good approximate solution given a certain
amount of computational resources.

Two main classes of algorithms for global optimisation are deterministic
and stochastic approaches. The latter use some probabilistic mechanism for
exploring the feasible domain (search space). In both cases, most algorithms
strike a balance between global and local search principles.

Deterministic methods are based on branch-and-bound techniques that re-
cursively split the problem into a tree of subproblems. These are simplified
or eliminated by some reduction techniques until the solutions are found (or
the problem is found infeasible). In the worst case the depth of the tree is
exponential.

Common approaches are: constraint propagation, outer approximation, DC
(difference of convex functions) techniques, interval Newton. Outer approxi-
mation by convex problems and DC can be solved by local methods. To gain
efficiency one has to use also: clever box selection heuristics, adaptive splitting
heuristics and reliable stopping criteria.

Good general reviews for the stochastic case are given in [5, 75, 63, 47, 49,
57]. Reviews including the deterministic case are given in [44, 64, 27, 26].

Global optimisation problems with bound constraints are known to be un-
decidable on unbounded domains and NP-hard on bounded domains. This
makes them in general very difficult to solve. Methods that analytically trans-
form the problem without splitting give transformed problems of exponentially
increasing size. Splitting by branch-and-bound methods gives in a worst case
exponential number of subproblems to solve. The only way out of this dilemma
is to somehow extract information of the inherent structure of the problem.
This may be difficult in the case when the objective function is supplied as a
simulation model.

For more information on theoretical issues we refer to [72, 69, 58, 56].

3.1 Deterministic methods - DIRECT

Lipschitz method

Consider the Lipschitz condition

| f(x)− f(y) |≤ L ‖ x− y ‖ (2)

where L is the called the Lipschitz constant. The knowledge of the Lipschitz
constant for a function f(x) gives a bound of how fast the function values
change and can be utilised in global optimisation methods with provable global
convergence properties.
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Despite the theoretical attractiveness of Lipschitzian optimisation algo-
rithms they have some major problems; in many practical applications the
Lipschitz constant is not known, they have slow convergence rate and they
have a large computational complexity. Just to initialise the search, several
algorithms compute function values in 2n vertices of a hypercube of dimension
n. This is too computational demanding for many problems.

The method DIRECT [28] (DIviding RECTangels), addresses these funda-
mental problems. As the name states, it is built on dividing rectangles. It
tackles the computational complexity by sampling the midpoint instead of the
vertices. Just for initialisation, this reduces the number of function evaluations
from 2n to 1. The subsequent search is carried out by dividing the search space
into smaller hypercubes in a systematic way based on sampling the midpoints.
A hypercube is only divided into smaller cubes if it has a potential to contain
the optimal value. The algorithm works without the knowledge of the Lipschitz
constant.

The DIRECT algorithm will converge to a global optimal value as long as
the function is continuous near the global minimum. Functions that satisfy the
Lipschitz condition are continuous, and the DIRECT method does not need to
know the Lipschitz constant in order to converge. For further discussion of the
convergence properties of the DIRECT method see [28, 13].

The DIRECT method has been used in connection to clearance of flight
control laws using optimisation, see [36, 39]

3.2 Stochastic methods - GA, DE and Simulated Annealing

Evolutionary algorithms

Evolutionary computing (EC) is a collective term for a number of computing
methods (“problem solvers”), resting on a metaphor inspired by Darwinian
evolution and molecular genetics. It comprises genetic algorithms (GA), evolu-
tionary programming (EP), evolution strategies (ES) and genetic programming
(GP). They all share a common framework and terminology borrowed from
biology. According to this paradigm, there are two driving forces for evolution
working on different levels.

A collection of individuals compete for resources given in terms of envi-
ronmental conditions. Those individuals most fit will have the opportunity to
reproduce and propagate their successful phenotypic traits to their offspring.
This gives an evolution towards higher fitness on a macroscopic (phenotypic)
level corresponding to natural selection (“survival of the fittest”).

An individual’s phenotypic traits are represented (encoded) on the molec-
ular level by its genotype. The functional units of this encoding are the genes
and the complete genetic information about an individual is called the genome.
The offspring’s genome is a combination of randomly selected parts of the ge-
netic information of the mating parents. This process of mixing the genetic
information is called recombination in the context of EC. During reproduction

12



D2.5.2 Comparative study COFCLUO

this information may occasionally undergo a small random change, called mu-
tation. Those two processes of random variation, operating at the microscopic
level, give rise to individuals with new phenotypic traits that will be put under
selective pressure at the macroscopic level. The result is a new population
better adapted to the environment.

Translated into a paradigm for computing, the environment corresponds to
a problem to be solved and the individuals to candidate solutions whose fitness
is a measure of the solution quality. In the context of an optimisation problem,
the “fitness” is a function to be maximised by evolving a population of points
in a search space by an algorithm that mimics the processes of selection and
variation described above. We now turn to a very schematic overview of the
typical steps and components of an evolutionary algorithm.

Evolutionary algorithms belong to the class of stochastic, population based,
generate-and-test methods. Their distinguishing feature as compared to other
global optimisation methods (especially other multistart methods) is the use of
a population whose members interact by means of recombination (the mixing
of information) in order to create diversity.

The driving forces for evolution alluded to above are present in the form of
two kinds of mechanisms: selection and variation operators. The first mecha-
nism is applied at two different steps during an iteration: parent selection and
survivor selection. The variation operators come in two guises, recombination
and mutation.

In order to apply an evolutionary algorithm, one has to establish a corre-
spondence between the given optimisation problem and a domain where the
actual problem-solving (the “evolutionary” search) takes place. This is done
by encoding the members of the feasible set in a format, or data structure,
appropriate for the evolutionary operators.

A representation is an invertible mapping from the feasible set of the opti-
misation problem, also called the phenotype space, onto a set of encodings, the
genotype space. A place-holder, or variable, in this encoding is referred to as a
gene (or locus) and its value as an allele. Elements of the mapping’s domain
are called phenotypes, candidate solutions or individuals, and elements in the
range are called genotypes or chromosomes. The different classes of evolution-
ary algorithms differ typically (though not necessarily) in the data structure
used: strings over a finite alphabet (GA), real valued vectors (ES), finite state
machines (EP) and trees (GP).

The fitness of the genotypes is measured by an evaluation function, often
identical to, or some simple transformation of the objective function of the
optimisation problem that is to be maximised.

The population is a multiset (i.e. elements do not have to be unique) of
genotypes representing the current possible solutions. It is the unit on which
selection operates and its cardinality N is often kept constant during the com-
plete search. The initial population is usually seeded randomly.

Parent selection is a random mechanism by which N members from the
population are selected with replacement to form a new multiset called the
parents, or the mating pool. Individuals with higher fitness value typically have
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higher chance of getting selected, so the expected quality of the parents is
increasing.

Recombination, or crossover, is an operator that randomly selects without
replacement a pair of parents and creates a new pair of genotypes. With some
probability, called the crossover rate, this new pair is the result of applying a
specific method of mixing/exchanging the values of some of the parent’s genes,
otherwise, they are just copies of the parents. This is repeated until a number
M of children are created, some of which are new genotypes but combines the
(hopefully) good features from both parents.

The mutation operator is then applied to each child. It induces a random
change of the genotype by some specific method. All children are then collected
in a new multiset, the offspring.

In the last step, survivor selection (also called replacement), N elements
are chosen from the union of the parents and offspring to form the new popu-
lation for the next evolutionary cycle (also called a generation). The choice is
often made deterministically based on a ranking by fitness, perhaps with some
priority given to the offspring.

Finally, a termination condition needs to be specified, most often just a
maximum number of iterations or some threshold for the incremental improve-
ment of the maximum fitness.

We refer to the literature (good references include [8, 76, 47, 49]) for a
detailed description of different representations, selection and variation oper-
ators. The question of theoretical convergence of evolutionary algorithms is a
difficult one. For some results see [52].

Let us just collect some observations: The success of an algorithm is very
dependent on choosing a suitable representation for the given problem. The
variation operators are representation dependent while the selection mecha-
nisms are not. The former have a large impact on the success of an algorithm,
especially recombination (it should have a large probability for producing chil-
dren with increased fitness). The use of “tournament” principles for selection
reduces computational complexity and facilitates parallelisation.

Evolutionary algorithms are relatively easy to implement and suitable for
“unstructured” problems where it is difficult to extract information necessary
for tailoring a special algorithm (at the cost of less performance).

Many global optimisation methods contain a mix of global and local princi-
ples for covering the search space well (exploring) and improving already found
candidate solutions (exploitation). The balance between those principles is of-
ten static. They are represented in the context of EC by the variation and
selection operators respectively. These operators have parameters on which
the performance strongly depends. This gives an opportunity to monitor the
“mix of search principles” during a run and thus incorporate adaptation into
the algorithm. Self-adaptation has become a main feature in ES for instance.
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GA

The genetic algorithm is perhaps the most well known method of evolutionary
computation in the context of function optimisation. Historically, the canonical
representation for genetic algorithms is a string of binary digits. Binary coding
was used, for instance, in all applications of GA in the field of flight clearance
referred to above [53, 38, 40, 31, 18, 39]. See also [14] for some other applications
of GA.

Another representation advocated in the optimisation literature is real-
number coding, where the genes are real valued (floating-point) and manip-
ulated by arithmetic operators (the genotype is thus just a vector in Rn).
There is evidence that this representation is more “natural”, more efficient and
having superior performance, see [57] and the references cited there. GA with
real-number coding turns it, more or less, into an ES algorithm and points
further to differential evolution, a relatively recent method introduced by [59].
(For more information on ES see [8].)

Differential evolution

Differential evolution (DE) fits in the general framework of evolutionary com-
putation [50, 59, 6]. In its original form DE uses real-number coding for its
genotypes, but has been extended to mixed integer problems as well [47]. The
method handles the real valued representation and its variational operators
very efficiently with few control parameters. We give here just a short descrip-
tion of the standard variant of the algorithm.

Suppose the population consists of N vectors x ∈ RD. For each member
xi (i = 1, ..., N) of the current population, a “mutant” vector vi is created by
randomly selecting (without replacement) three other members: xi1 , xi2 and
xi3 . The mutant vector is given by vi = xi1 + F (xi2 − xi3), where F is a fixed
real parameter in the range (0, 2]. The coordinates of the vectors xi and vi are
then mixed in a random fashion to create a “trail” vector ui (an offspring).
For one randomly chosen index ir, copy the ir-th coordinate from xi to ui

(this ensures that at least one coordinate of xi is transferred to the offspring).
For the other indices, generate a uniform [0, 1] random number q and copy the
coordinate from xi if q ≤ C, or from vi if q > C. One such random number q
is drawn independently for each index 6= ir. C ∈ [0, 1] is called the crossover
constant and is another fixed real parameter. The created trail vector ui is
then immediately compared with the parent xi, and the one with the largest
fitness value is selected to be included in the next generation.

This procedure is inherently parallel in several ways. The mating pool is
never created and the (often computational expensive) parent selection opera-
tor is avoided. The set of offspring is not created either. The survivor selection
takes place as a direct tournament selection between a member of the popula-
tion and its randomly generated trail vector partner.

Finally, a very important aspect of the method is its self-adapting charac-
ter. The creation of a new generation of individuals may be viewed as applying
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a specific random function to each one of the members of the current popula-
tion. The “probability distribution” of this random function depends, in turn,
through the use of a mutant vector, on the population itself. This “feedback”
mechanism makes the algorithm self-organising in a very effective way, in con-
trast to ES where the adaptation takes place by adjusting a set of explicit
parameters.

DE was applied to FCS clearance in the special case of fixed control input
in [39]. It would be very interesting to try DE for the full worst case pilot input
problem.

Simulated annealing

Simulated annealing is a well established stochastic method for global opti-
misation. It is a sequential search method (a kind of filtered random walk),
in contrast to the population based EC. It avoids getting trapped in a local
optimum by occasionally accept non-improving steps. The probability for this
is gradually decreased to zero through a parameter called the temperature T .
Eventually the global optimum is reached (the procedure is provably conver-
gent in a probabilistic sense). A big problem is the design of a good schedule
for controlling T as this is absolutely critical for the method’s success. We refer
to [65, 57] and [5] for further details.

Hybrid methods

By combining global and local search it is possible to design hybrid methods
that have the ability to find global minima, yet are more efficient than purely
global methods. There exist hybrid methods based on all major global methods.
For some references, see [51, 37, 35, 74, 24] .

New possibilities

In a very interesting recent paper [70] a new approach to multi-objective opti-
misation is presented. Each single objective in a multi-objective problem taxes
a given optimisation algorithm differently. By running several algorithms in
parallel that both “compete” and “cooperate” in order to maintain and develop
the population in search space more effectively (a kind of self-adaptive offspring
creation), the convergence is very much improved. The method brings a new
and promising perspective on the principles for parallelisation and hybridisa-
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tion that could be very useful also for problems with a single objective.

4 Local optimisation

Problem and framework

Several problems in flight clearance can be formulated as a nonlinear optimi-
sation problem with linear inequality constraints

min
x

f(x)

Ax ≤ b
(3)

Each function evaluation is based on a simulation, thus derivative information
such as gradient and Hessian can only be approximated through difference ap-
proximations and the cost is proportional to the simulation time times n and n2

respectively, where n is the dimension of the problem. Focus here is to describe
methods that use only gradient information, quasi-Newton and Conjugate gra-
dient methods. They are less efficient than the Newton method in terms of the
number of iterations needed, but it is believed that they are more efficient in
terms of how many function evaluations are needed for the studied problem.
Quasi-Newton methods have been used in optimisation based clearance, see
[68]. Further, the issue of preconditioner is also discussed, a preconditioner
can be used in order to speed up the convergence. The focus on the discus-
sion will be on unconstrained optimisation, since we mainly discuss how to
choose the quadratic model used in an optimisation algorithm. The discussed
optimisation algorithms can be adapted to the linear inequality constrained
optimisation problem, see for example [21, 46].

4.1 Unconstrained

Optimality conditions

Roughly speaking, the point x∗ is an unconstrained local minimiser, and f(x∗)
is an unconstrained local minimum if there exists an open ball B(x, δ), and
δ > 0 such that

f(x∗) ≤ f(x) for all x ∈ B(x∗, δ) (4)

If we replace ≤ with < in the above equation then we have a strict uncon-
strained local minimiser and a strict unconstrained local minimum respectively.

Let x∗ be a local minimiser, expand f(x) in a Taylor series around x∗

f(x∗ + z) = f(x∗) + zT∇f(x∗) +
1
2
zT∇2f(x∗)z +O(‖ z ‖3) (5)

Necessary condition for x∗ to be a local minimiser is that the gradient is zero
∇f(x∗) = 0 (first order conditions) and that the Hessian ∇2f(x∗) is positive
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semidefinite (second order conditions). A point x∗ such that ∇f(x∗) = 0 is
a stationary point. A stationary point can be a minimiser, maximiser, or a
saddle point. Sufficient condition for x∗ to be a strict local minimiser is that
the gradient is zero ∇f(x∗) = 0 and that the Hessian ∇2f(x∗) is positive
definite.

We will refer to the gradient ∇f(x) as g(x) and the Hessian ∇2f(x) as
H(x). Further we will use the notation Hk for H(xk) and gk for g(xk).

Model-based methods

One common strategy is to compute iterates x0,x1, . . . ,xm based on local
models qk(xk + zk) around each iterate xk that captures essential properties
of the original model f(xk + zk) around xk such that the iterates converges
to a local minimiser under appropriate conditions. Two common frameworks
that are based on local models are line search and trust region methods. Here
we will concentrate our discussion on line search methods, for a description of
trust region methods see [21, 46].

Many algorithms are based on a quadratic model around the current iterate
xk

qk(xk + z) = f(xk) + dT
k z +

1
2
zT Bkz (6)

In most cases dk is chosen to be the gradient gk and Bk is a positive definite
matrix that captures essential properties of the Hessian Hk.

Line search methods

In the quadratic model (6), we will assume that dk is the gradient gk and
Bk is symmetric and positive definite. Further, we will assume that f(x) is a
sufficient smooth nonlinear function and that the iterates x0,x1, . . . converges
towards a local minimiser and that xk is not a stationary point. For an in depth
treatment of line search methods covering technical details and assumptions see
[21, 46].

The minimiser zk of the local quadratic model is found by solving the linear
systems of equations

Bkzk = −gk (7)

the vector zk is called a search direction. The next iterate is the current iterate
xk plus a scalar times the search direction

xk+1 = xk + αkzk (8)

the scalar αk is called the step length, and is found by a one-dimensional search
with the original model

min
αk

f(xk + αkzk) (9)

The above minimisation is called an exact line search, and in most practical
algorithms the line search is carried out approximately.
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In the construction of optimisation algorithms, one natural design criteria
is that the objective function should be decreased in every step

f(xk+1) < f(xk) (10)

as long as xk is not a minimiser. This leads to the requirement that the
search direction zk should be a descent direction, that is the objective function
f(xk + αkzk) is decreased for sufficiently small step length αk

f(xk + αkzk) < f(xk), αk ∈ (0, δ], δ > 0 (11)

From the Taylor expansion

f(xk + αkzk) = f(xk) + αkzT
k g(xk) +O(α2

k ‖ zk ‖2) (12)

and (7) we see that zk will be a descent direction if Bk is positive definite since

zT
k gk = −gT

k Bkgk < 0 (13)

The purpose of the approximate line search is to insure enough improve-
ment in each iteration such that the sequence of iterations converges to a local
minimiser under appropriate conditions while keeping the cost of the approx-
imate line search sufficiently low. In general, the exact line search is a one
dimensional nonlinear optimisation problem and is expensive or impossible to
solve exactly. Examples of conditions imposed during the line search to in-
sure sufficient decrease are the Armijo, Wolfe and strong Wolfe conditions, see
[21, 46]

From (12) we see that the function decreases fastest in the direction of
the negative gradient zk = −gk, methods based on such search directions are
called steepest descent methods. They are inefficient since curvature of f(x)
is not used in the computation of the search direction. The steepest descent
direction corresponds to Bk = I in the quadratic model.

Newton’s method

Newton’s method is built on the quadratic model obtained through the first
few terms in a Taylor series expansion of the original function f(x) around the
current iterate xk. The quadratic model is given by

qk(xk + zk) = f(xk) + zT
k gk +

1
2
zT

k Hkzk (14)

where gk is the gradient and Hk is the Hessian of the function f(x) at the
point xk. If Hk is positive definite, a minimiser of qk(xk + zk) with respect to
zk is found by the zero of the gradient ∇qk = 0 and can be computed explicitly
as

zk = −H−1
k gk (15)

The vector zk is taken as the search direction.
Newton’s line search method can be summarised as
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Newton’s line search method
initialise x0

for i = 1, . . . until convergence
Compute the gradient g(xk) and the Hessian H(xk)
zk = −H−1

k gk Compute a search direction
αk : minαk

f(xk + αkzk) Compute a step length
xk+1 = xk + αkzk Compute a new iterate

end

Newton’s method has quadratic convergence rate and converges to a local
minimiser xk when ‖ xk−x∗ ‖ is sufficiently small, αk = 1, and Hk is positive
definite. If the function f(x) is quadratic, Hk is positive definite, and α = 1,
then a minimiser will be found in one step.

The basic Newton’s method (αk = 1) is constructed to find a zero to the
gradient g(x) = 0, i.e to find a stationary point, not necessarily a minimiser.
A stationary point can be a minimiser, maximiser or a saddle point. For more
information on the Newton’s method see [21, 46, 32, 15].

Modified Newton’s method

One drawback with Newton’s method is that it converges to a stationary point,
not necessarily a local minimiser. In the following we will discuss how to modify
the Hessian Hk in such a way that the corresponding search direction zk is a
descent direction.

In the discussion we will assume that xk is not a stationary point and thus
the gradient is not zero gk 6= 0. Further we will assume that the Hessian Hk

is nonsingular, not necessarily positive definite.
The angle between the search direction zk and the gradient gk is given by

gT
k zk = −

n∑
i=1

λ−1
i γ2

i , γi = gT
k ui (16)

where (ui, λi) is the ith eigenpair of Hk.
If all eigenvalues are positive, then zk is a descent direction, and if all

eigenvalues are negative then zk is a ascent direction. If Hk is indefinite, then
zk will be a descent/ascent direction depending on the magnitudes of λi and
γi.

By reversing the effects of the negative eigenvalues of Hk, we get a descent
direction which we will now discuss in more detail. Consider the eigendecom-
position of the Hessian Hk, Hk = UΛUT where the columns of U are the
eigenvectors and the diagonal of Λ =diag(λi) contains the eigenvalues. Con-
struct a new diagonal matrix Λ̂ =diag(sign(λi) λi) by reversing the effects of
the negative eigenvalues, and a new matrix Ĥ

Ĥ = UΛ̂UT , Λ̂ = diag(sign(λi)λi) (17)
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The scalar product between the gradient and the new search direction zk =
−Ĥ−1

k gk is

gT
k zk = −

n∑
i=1

sign(λi)λ−1
i γ2

i , γi = gT
k ui (18)

which clearly is negative, and thus zk = Ĥ−1gk is a descent direction.
Modified Newton’s methods that directly modify the eigenvalues are best in

the sense that one can control the search direction, and in the end obtain a bet-
ter optimisation method. They are preferred methods for problems where the
computation of the Hessian is expensive compared to the eigendecomposition,
like problems where the objective function is based on simulations.

There are Modified Newton’s methods based on Sylvester law of inertia
and symmetric indefinite factorisation. The disadvantage with these methods
are that they can control the inertia, but not the eigenvalues them self. The
advantage is that factorisation is cheaper than eigendecomposition. For further
discussion of the modified Newton’s method see [21].

Quasi Newton Methods

Newton’s method has a fast convergence rate and performs well near local
minima. One drawback with Newton’s method is that one needs to compute
the Hessian, or approximations of the Hessian with difference approximations
in every time step. In many cases, it is too time consuming.

Quasi-Newton methods is a family of methods which uses an approximation
of the Hessian Bk of the object function instead of the Hessian Hk in the
quadratic model. The approximate Hessian Bk is updated in every iteration
based on gradient information. For a more in depth discussion about quasi-
Newton method than given here see [21, 46, 73, 15].

From the mean value theorem one has that

gk+1 − gk = Hksk +
∫ 1

0

(H(xk + ξsk)−H(xk))skdξ, (19)

where sk = xk+1 − xk.
In Quasi-Newton methods the standard way is to require that the following

condition holds for the approximate Hessian Bk+1

Bk+1sk = yk (20)

where yk = gk+1 − gk. The above condition is called quasi Newton condition.
If the function f(x) is quadratic then the integrand is zero and the following

condition holds
gk+1 − gk = Hksk (21)

The approximate Hessian Bk+1 at iterate k + 1 is computed through an
updating procedure from the approximate Hessian Bk at iterate k

Bk+1 = Bk + Uk (22)
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The updating matrix Uk is usually of low rank and consists of Bk, yk and sk.
One important issue is to what extent curvature information of f at xk is

incorporated in the approximate Hessian Bk. From (19) we see that if ‖ sk ‖ is
sufficiently small we have yT

k sk ≈ sT
k Hksk so yT

k sk approximates the curvature
of f at xk along sk. From the quasi Newton condition we see that the curvature
yT

k sk is enforced:
yT

k sk = sT
k Bksk (23)

Two important properties that one would like the updating procedures to
have, are hereditary symmetry and hereditary positive definiteness. Hereditary
symmetry means that if Bk is symmetric then Bk+1 will also be symmetric.
Hereditary positive definiteness usually means that if Bk is positive definite
and yT

k sk > 0 then Bk+1 will be positive definite.
Below, we will briefly discuss some well known update formulae.

The symmetric rank-one update

The symmetric rank-one update (SR1 update) is given by

Bk+1 = Bk +
1

(yk −Bksk)T sk
(yk −Bksk)(yk −Bksk)T (24)

and is defined if (yk −Bksk)T sk 6= 0. The update satisfies the quasi Newton
condition (20), and from (24) we see that it has the property of hereditary
symmetry. However it does not have the property of hereditary positive defi-
niteness.

The BFGS update

The well known BFGS (Broyden-Fletcher-Goldfarb-Shanno) update is given
by

Bk+1 = Bk −
1

sT
k Bksk

BksksT
k Bk +

1
yT

k sk
ykyT

k (25)

It is a symmetric rank two update and satisfies the quasi-Newton condition (20).
The update has the property of hereditary positive definiteness if yT

k sk > 0.

The DFP update

The DFP update is derived as update to an approximation of the inverse of
the Hessian rather than an approximation to the Hessian. Let Mk be an
approximation to the inverse of the Hessian H−1

k . The corresponding quasi-
Newton condition for the update of Mk is

Mk+1yk = sk (26)

The updating formula is derived in a similar way as the BFGS formula and the
resulting Davidon-Fletcher-Powell (DFP) update is given by

Mk+1 = Mk −
1

yT
k Mkyk

MkykyT
k Mk +

1
sT

k yk
sksT

k (27)
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Note the similarity with the BFGS formula where Bk sk and yk are replaced by
Mk, yk and sk in the BFGS formula in order to obtain the DFP formula. The
DFP and BFGS updates are called complementary updates, and are related by

BDFP
k+1 = BBFGS

k+1 + (sT
k Bksk)wwT , w =

1
yT

k sk
yk −

1
sT

k Bksk
Bksk (28)

The Broyden class of updates

It can easily be shown that wT sk = 0, and hence from quasi-Newton condition
we see that one can add a scalar times the matrix wwT to the BFGS update
and still full fill the condition (20)

Bk+1 = Bk −
1

sT
k Bksk

BksksT
k Bk +

1
yT

k sk
ykyT

k + φ(sT
k Bksk)wwT (29)

If φ = 0, φ = 1, or φ = yT
k sk/(yT

k sk − sT
k Bksk) then the update is identical to

the BFGS, DFP, and SR1, respectively.

The convex Broyden class

The convex Broyden class of updates can be described by a convex combination
of the BFGS and DFP updates

Bk+1(ϕ) = (1− ϕ)BBFGS
k+1 + ϕBDFP

k+1 (30)

where 0 ≤ ϕ ≤ 1. If ϕ = 0 then the resulting update is identical to BFGS, and
if ϕ = 1 to DFP. All updates in the convex class of Broyden update possess
the property of Hereditary positive definiteness.

Finite termination and superlinear convergence of quasi-Newton methods

Consider the quadratic function

f(x) = bT x +
1
2
xT Hx (31)

where H is symmetric and positive definite. If a quasi-Newton method in
the convex Broyden class with exact line search is used in order to find the
minimiser of (31), then the method will terminate in m iterations, where m is
less than or equal the dimension n of x, m ≤ n. Further xm = x∗. For further
information, see [21, 73].

The quasi-Newton method converges superlinearly under certain conditions,
see [21].

Other quasi-Newton methods

For an overview of quasi-Newton methods, see [73].
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In [77], a quasi-Newton equation is discussed based on gradients gk, gk+1 as
well as function values f(xk), f(xk+1). The resulting quasi-Newton condition
is given by

Bk+1sk = ỹk (32)

where ỹk = yk +γsk/ ‖ sk ‖2, γ = 3(gk+1 +gk)T sk−6(f(x)k+1−f(xk)). The
vector ỹk is a better approximation to ∇2f(xk+1)sk than yk. Quasi-Newton
updates based on the new quasi-Newton equation are also described.

In [16], multi-step methods are described where the corresponding quasi-
Newton equation depends on the points xk+1,xk,xk−1, . . . ,xi−m+1 and the
corresponding gradients. By numerical experiments, for small dimensions, the
standard BFGS method performs better, but for higher dimensions a 2 step
method performs better than the standard BFGS method. In [17], a 3-step
method developed from the results in [16] is discussed.

In [60], a quasi-Newton-SQP method for general linear constrained optimi-
sation is described, and in [45] a quasi-Newton method for bound constraints.

Conjugate Gradient

Conjugate gradient for nonlinear optimisation is developed from CG for linear
systems of equations. Minimising the quadratic function f(x) = 1

2xT Hx +
bT x + c corresponds to solving the linear system of equations Hx = −b.

The search directions for CG are

z1 = −g1

zk = −gk + βkzk−1

(33)

Different expressions for βk correspond to different CG methods. The ex-
pressions are equivalent for quadratic functions, but differ for general nonlinear
functions. Famous conjugate gradient methods are Fletcher-Reeves and Polak-
Ribière. The corresponding expressions for β are given by

βFR
k =

gT
k gk

gT
k−1gk−1

βPR
k =

gT
k (gk − gk−1)
gT

k−1gk−1

(34)

In [15], Polak-Ribère is clearly favoured.

Preconditioner

Consider the quadratic function

f(x) =
1
2
xT Hx + bT x + c (35)

where H is positive definite. Assume we have an approximation of the Hessian
Ĥ and make a change of coordinates

x̂ = Cx, CT C = Ĥ (36)
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where CT C is the Cholesky factor of Ĥ. The quadratic function in the new
coordinates is

f(x̂) =
1
2
x̂T (C−T HC−1)x̂ + bT C−1x̂ + c (37)

The role of a preconditioner in large scale linear system of equations is
to construct a matrix Ĥ that approximates the original matrix H such that
the Cholesky factorisation of Ĥ is much cheaper than for H, but is accurate
enough in the sense that the eigenvalues of C−T HC−1 are clustered and thus
the convergence of the iterative solver is speeded up. The iterative solver could
for example be the conjugate gradient method for linear systems. For further
discussion about iterative solvers and precondition techniques for linear systems
of equations, see [54].

In nonlinear optimisation, we would like to apply preconditioner with a
somewhat different purpose. It is the construction of the Hessian H itself
that is expensive, methods like quasi-Newton methods are designed to get
some of the good convergence properties of Newton’s method, but without
ever explicitly constructing the Hessian.

If one could somehow compute an approximation to the Hessian Ĥ that is
much cheaper than computing the original Hessian H, but is accurate enough
in the sense that the eigenvalues of the matrix C−T HC−1 are clustered. The
approximate Hessian can then be used to speed up the convergence in the
conjugate gradient, or quasi-Newton method.

In flight clearance and other simulation based optimisation problems, one
possibility is to construct an approximation of the original nonlinear simulation
model such that the speed in simulation is much faster, and the accuracy of the
model is good enough in the sense that in the construction of the approximate
Hessian the eigenvalues of the matrix C−T HC−1 are clustered. The purpose
of the approximate simulation model is only to construct approximate Hessians
used in the connection to optimisation based search based on the original model.

5 Lyapunov methods for manoeuvring aircraft

In clearance of flight control laws for aircraft, the problems of assessing (ro-
bust) stability of a controller around a given equilibrium point and determining
the (robust) worst case pilot input represent two extremes. As an intermediate
case, which moreover is used as the core of many industrial flight clearance pro-
cedures [29], one may consider robust stability for a given controller under a set
of prescribed “standard” manoeuvres. Such manoeuvres can include switching
between equilibrium (trim) points, like in the classical pull-up manoeuvre [67,
Sec. 4.2], and stability can then be assessed using analytical methods based on
e.g. Lyapunov stability analysis. In this section we shall discuss methods for
Lyapunov based stability analysis for clearance of aircraft for such standard
manoeuvres.
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In order to be able to use Lyapunov based stability analysis, an accurate
analytical description of the closed loop aircraft dynamics must be available.
Such descriptions are often based on linearisations or other “linear looking”
representations, such as linear parameter varying (LPV) models. However,
even if one disregards the nonlinearities in control actuators, the open loop
aircraft dynamics are inherently nonlinear. Therefore, general methods for
“analytical” clearance must be able to take this fact into account as well as
be able to handle the nonlinearities present in actuators. The most important
actuator limitations are the inevitable position and rate limitations.

One way of handling the aircraft nonlinearities in a Lyapunov based stabil-
ity approach for clearance would be to apply a method that has the potential to
incorporate the nonlinearities directly, such as the sum-of-squares (SOS) meth-
ods discussed below. Another way would be to use another “linear looking”
representation of the dynamics which might be less restrictive than the ones
originating from the LPV paradigm. An approach of this type is described
below and it is based on Carleman linearisation of the nonlinear dynamics.

5.1 Linear representations

One of the most common generic representations of the aircraft open loop
dynamics is the LPV form for the dynamics around an equilibrium point of
interest (located at the origin after a change of variables)

ẋ = A(θ)x + B(θ)u, (38)

where x ∈ X ⊆ Rn is the state vector, u ∈ Rp is the control input and
A(θ),B(θ) are matrices of compatible dimensions. Here, the set X represents
the allowable state values as dictated by physical constraints on the system
(e.g. limits on the aerodynamic angles α, β), and θ ∈ Θ ⊆ RN is the parameter
vector, which can represent known quantities as well as uncertainties.

If a state feedback controller is applied to (38) and the controller is analo-
gously written on LPV form the closed loop system can again be represented
on the LPV form, but without control viz.

ẋ = A(θ)x. (39)

For stability analysis of the system (39) using Lyapunov theory a number
of approaches for constructing Lyapunov functions are available, see e.g. the
overview given in [10].

Frequently, the LPV representation (39) is obtained via a linear fractional
transform (LFT) of the underlying system. In the LFT description some of the
parameters come from the parametric (polynomial or rational) description of
the nonlinearities. In this case the parameter vector can be decomposed as

θ = (x, θ̃)
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where θ̃ represents “true” parameters, such as uncertain constants or variables
that vary so slowly3 that they are not included in the state x (e.g. “scheduling
variables”). An overview of methods to obtain LFT representations is given in
[23].

Another way of obtaining an LPV representation of the system is through
frozen stationary linearisation (FSL). Since the equilibrium point of interest
in flight control applications is often slowly time varying, as the result of a
sequence of commanded trim points during a manoeuvre, one is naturally lead
into the FSL framework for Lyapunov stability analysis [22] for such applica-
tions.

5.2 Nonlinear representations

Although linear representations of the open loop aircraft dynamics are very
common and are often applied with success, there is frequently a need for mod-
els that also explicitly take the nonlinearities into account. For flight clearance
this is particularly useful since models and methods based on a more compli-
cated nonlinear description can be used as a reference, against which e.g. LPV
based approaches can be compared.

Aircraft (open loop) dynamics

The most basic description of the dynamics used in flight mechanics is the rigid
body dynamics as given by the Newton-Euler (NE) equations. In a Cartesian
body fixed frame with the origin in the centre of mass (CoM) the NE equations
take the form

v̇ =
1
m

f b + v × ω, (40)

ω̇ = −J−1(ω × Jω) + J−1mb, (41)

where v = [u, v, w]T ∈ R3 is the velocity, ω = [p, q, r]T ∈ R3 is the angular
velocity, m is the mass, J ∈ R3×3 is the inertia matrix and f b,mb ∈ R3

represent the total forces and moments around CoM, respectively. The forces
f b consist of aerodynamic forces, gravity and thrust, and the dependence of
the latter two can be expressed parametrically.

In aerodynamics and flight mechanics it is standard to make a change of
coordinates in (40) to spherical coordinates α, β, V as

α = arctan(w/u)
β = arcsin(v/V )
V =

√
u2 + v2 + w2

.

3Indeed, the dichotomy of quantities into “variables” and “parameters” is often done on
the basis of a time scale separation assumption (where “variables” vary potentially fast and
“parameters” slowly) which is not always fulfilled, in particular not when higher order terms
in the state variables x are factored into products of variables and parameters in order to
keep the system on a “linear looking” form.
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Expressed in these variables, the aerodynamic forces in f b can often, as a good
approximation, be described as functions that are at most quadratically non-
linear in α, β, V and have a weak dependence (at most affine) on the variables
p, q, r [43]. Similar properties hold for the aerodynamic moments, which make
up the term mb (unless thrust vectoring is used). The aerodynamic moments
represent the primary means of control for most (fixed wing) aircraft and they
are generally manipulated by the vector δ of control surface deflections. Con-
trol surface deflections thus effect mb mainly, and the effect of the deflections
δ on mb (and f b) can also often well be described approximately by functions
that are at most quadratic in the variables α, β, V, p, q, r (with dependence on
other quantities modelled parametrically) and with an approximately affine
dependence on the components of δ. Since the term J−1(ω × Jω) in (41)
is clearly quadratic in p, q, r and the right hand side of (40) will again after
transformation to the variables α, β, V be approximately at most quadratically
nonlinear in α, β, V it is often justified to describe the NE equations (40), (41)
on the control affine form

ẋ = f(x;θ) + g(x;θ)u, (42)

where x = [α, β, V, p, q, r]T and u = δ, and where f , g have at most quadratic
dependence on the components of x. In (42) we have also made explicit the
dependence on the parameters θ implicit in the model (40),(41).

By similar reasoning we would arrive at a model of the form (42) even
after a shift of the origin, so we may without loss of generality assume that
the open loop aircraft dynamics can be described by a model of the form (42)
where x = 0 is some equilibrium point of interest for the uncontrolled (u = 0)
system. However, in reality the equilibrium point of interest is often time
varying so that a more adequate description of the system obtained after such
a (time-varying) coordinate change would be

ẋ = f(x, t;θ) + g(x, t;θ)u, (43)

where f(0, t;θ) = 0 for all t and at least some (nominal) value of θ, and the
time variable t makes explicit the dependence on a time varying reference or
command signal.

The fact that the open loop aircraft dynamics represented by (43) are es-
sentially not more than quadratically dependent on the components of x (for
a large region around any equilibrium point) can perhaps be taken as an in-
tuitive explanation for the broad application and success of control methods
which assume linear or “linear looking” (e.g. LPV form) aircraft dynamics.

Controller and actuator properties

In case a linear controller is used for (43), in particular a state feedback con-
troller u = K(t;θ)x, the resulting closed loop system will be of the same form
as (43) but without control, i.e.

ẋ = f̃(x, t;θ). (44)
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Hence, the vector field f̃ in (44) will have at most quadratic dependence on
the elements of the vector x. However, in flight control applications it is often
necessary to explicitly take into account the limitations of the actuator devices.

The most basic form of actuator limitations are hard position limitations
and these can, for each component (after normalisation), be described by the
scalar saturation function

sat(ξ) =
{

ξ for |ξ| ≤ 1
sign(ξ) for |ξ| > 1 .

In order to approximate the sat function semi-globally (in an interval around
zero) with a polynomial, a high degree is generally required. Thus, an approach
for stability analysis of the closed loop system based on a polynomial represen-
tation of the dynamics would require high degree polynomials even though the
open loop dynamics are approximately not more than quadratically nonlinear
and even in the case of a linear controller.

However, in case an underlying system of the type (43) would in fact be
linear, or of LPV form as in (38), we would be faced with the fairly well studied
problem of controlling a linear system with bounds on the control signals [25, 4].
As we shall see below, by using Carleman linearisation, a nonlinear system (in
particular our weakly nonlinear system (43)) can be approximated by an infinite
dimensional linear system, which in turn, can be approximated by a high order
linear system. Thus, there is a possibility to treat the problem of controlling
the system (43) (with at most quadratic nonlinearities in f , g) with bounded
controls, using a high order linear substitute model and the associated theory
for bounded controls.

5.3 Lyapunov methods for nonlinear systems

In case the control signal u never reaches actuator limitations we are back in
the situation described by a model of the form (43), and stability assessment for
the resulting closed loop aircraft system (44) can be done using Lyapunov based
stability theory, as described in [20]. An important family of methods in this
approach are those that are based on sum-of-squares (SOS) representations
of the vector field f̃ of the closed loop system. Such methods are briefly
discussed in the next section before we arrive at the Carleman linearisation
based approach in Sec. 5.3. The approach based on Carleman linearisation can
handle also the case with saturating actuators, as alluded to above, at the price
of a (possibly considerably) higher model order.

SOS

The SOS methods have recently emerged as a powerful set of tools for solving
a number of mathematical programming (and characterisation) problems, in-
cluding Lyapunov based stability analysis for systems with polynomial vector
fields [61, 20].

29



COFCLUO D2.5.2 Comparative study

A sum of squares polynomial in n variables x1, . . . , xn is defined as a finite
sum

n∑
i=1

f2
i ,

where each of the functions fi is a polynomial in the variables x1, . . . , xn.
Constructive methods for finding Lyapunov functions for polynomial systems
evolve around the problem of testing whether (or ascertaining that) a given
polynomial (a candidate Lyapunov function) in n variables x1, . . . , xn is a sum-
of-squares polynomial (and hence globally nonnegative). Since we have argued
that the open loop aircraft rigid body dynamics (42) is in general approximately
at most quadratically nonlinear in the state vector components, it is clear that
SOS methods for Lyapunov stability analysis are applicable and can be efficient
at least in the case of a linear controller and no actuator saturation. The SOS
methods are applicable also when actuator saturations need to be taken into
account but in practice it is likely that high order models are then needed.

Carleman linearisation

Through Carleman linearisation the finite dimensional nonlinear differential
equation

ẋ = f(x) (45)

can be represented as an infinite dimensional linear system

ż = Az. (46)

In order to describe how Carleman linearisation can be applied to the problem
of Lyapunov based flight clearance we shall here, very briefly, outline the basic
steps of the procedure with notation adapted after [71]. For further details see
[55, 71, 30].

Assume that f in (45) is an analytic vector field with f(0) = 0. Expand the
function f(x) in a Taylor series around 0 and rewrite the differential equation
(45) as

ẋ = A1x + A2x
(2) + A3x

(3) + · · ·

where
A1 ∈ Rn×n, A2 ∈ Rn×n2

, . . .

and x(2), x(3), . . . are defined by

x(2) = x⊗ x,

x(i) = x(i−1) ⊗ x, i = 3, 4, . . .

with ⊗ denoting the Kronecker product.
By noting that

ẋ(2) = ẋ⊗ x + x⊗ ẋ,

30



D2.5.2 Comparative study COFCLUO

we can write

ẋ(2) = (A1 ⊗ I + I ⊗A1)x(2) + (A2 ⊗ I + I ⊗A2)x(3) + · · ·

and in a similar way

ẋ(3) =(A1 ⊗ I ⊗ I + I ⊗A1 ⊗ I + I ⊗ I ⊗A1)x(3)

+ (A2 ⊗ I ⊗ I + I ⊗A2 ⊗ I + I ⊗ I ⊗A2)x(4) + · · ·

Further, define A
(i)
k by

A
(i)
k = A

(i−1)
k ⊗ In + Ini ⊗Ak, k = 1, 2, . . . , i = 1, 2, . . .

The differential equation (45) can now formally be represented as an infinite
dimensional linear system (46) where

z = [xT , (x⊗ x)T , (x⊗ x⊗ x)T , . . .]T (47)

and

A =


A1 A2 A3 A4 · · ·
0 A

(1)
1 A

(1)
2 A

(1)
3 · · ·

0 0 A
(2)
1 A

(2)
2 · · ·

0 0 0 A
(3)
1 · · ·

. . . . . . . . . . . . . . .

 . (48)

Pseudo quadratic form

Truncating the upper 2× 2 block part of the system (46)–(48) yields a pseudo
quadratic form

ż = Āz (49)

where

z = [xT , (x⊗ x)T ]T

and

Ā =
[
A1 A2

0 A
(1)
1

]
.

Note, however, that the quadratic system

ẋ = A1x + A2(x⊗ x)

is not exactly represented by the pseudo quadratic form (49).
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Carleman linearisation and Lyapunov functions

Consider now the following Lyapunov equation, interpreted in a formal sense,

AT P + PA = −I,

where A is the matrix in (46). If P is positive definite, then the system (45) is
globally asymptotically stable and a corresponding Lyapunov function is, again
in a formal sense, given by

V (x) = zT Pz.

In practice, the argument here would only be applied to a truncated version of
A for which a corresponding P would be sought and the stability of the trun-
cated system could be rigorously established using (e.g.) results for quadratic
stability of linear systems [10].

Stability analysis of the aircraft system via Carleman
linearisation/bilinearisation

From the developments above it is clear that stability of the closed loop aircraft
system (44) can be analysed based on Carleman linearisation (and truncation),
at least in the case where the actuator nonlinearities need not be taken into
account. This is also possible if some nonlinearities are described as parametric
uncertainties and the resulting linear system is then again of the LPV form (39)
but of a (considerably) higher dimension than in the ordinarily linearised case.
Therefore, the stability of the resulting linear system could be assessed using
methods for Lyapunov based stability analysis of LPV systems [10, 20].

In the case where hard limits of the actuators need to be taken into ac-
count one can include these in the description of the closed loop dynamics
(44) as parametric uncertainties and describe the resulting system via an LFT.
However, it is also conceivable that one can follow the route of first applying
Carleman bilinearization [55, 1] to the open loop aircraft system (43) and then
adapt and apply tools from e.g. the Lyapunov stability theory for controlled
linear systems with hard limits on the controls (see e.g. [25]). Adapting meth-
ods for control of linear systems with hard limits on the actuators to the case
of bilinear systems, arising for example as a result of Carleman bilinearisation,
is thus an interesting research topic.

The price to be paid for taking the Carleman linearisation (or bilineari-
sation) route in the analysis is a potentially high model order, but since the
resulting system dynamics are then linear (or bilinear) the availability of effi-
cient computational methods should make the approach affordable.

Also, it is worth noting here that there is no principal reason to truncate the
Carleman linearisation after the quadratic terms. Third order, or higher orders,
could be considered as well, at the price of a considerably higher computational
burden however. The reason to stop after the quadratic terms is merely the
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fact that the aircraft open loop dynamics are often essentially approximately
not more than quadratically nonlinear.
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