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D2.5.1 Review and analysis of the models

Daniel Skoogh, Daniel Tourde, Peter Eliasson

April 21, 2008

Abstract

This report review a model provided by Airbus used in the COFCLUO project.
The focus on the review is on issues related to worst case pilot input. The review is
done through case studies. Issues reviewed include: numerical solution of ordinary
differential equations, computation of derivative information and stochastic search
methods
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1 Introduction

Modern aircraft use fly-by-wire flight control systems (FCS) to enhance han-
dling qualities, safety and controllability. But the introduction of fly-by-wire
systems (i.e. the aircraft becomes computer controlled) also introduces the
possibility of unwanted dynamical properties like instabilities and other uncon-
trollable modes through the design of flight control laws (FCL). The process of
clearing the FCS, proving to the authorities that it fulfils all requirements, be-
comes an increasingly expensive and time consuming task as the FCS becomes
more complex.

In principle it must be shown that for each point of the flight envelope,
for all possible aircraft configurations and for all combinations of parameter
variations and uncertainties, there should be no possibility to drive the aircraft
into an uncontrollable state. This is however very difficult since there are
infinitely many combinations of flight modes, aircraft configurations and pilot
inputs to analyse. The required clearance criteria, often expressed as stability
and handling requirements, are somewhat rationalised, but computationally
expensive. Typically, the criteria cover both linear and nonlinear stability, as
well as various handling and performance requirements.

Current flight clearance schemes employed by the European aerospace in-
dustry rely heavily on exhaustive search for dangerous cases by gridding tech-
niques whereby the various clearance criteria are evaluated for many combina-
tions for different values of the aircraft’s uncertain parameters. This process
is repeated over a grid of the aircraft’s flight envelope and for different flight
cases. Obviously this is a costly process.

There is a need to improve flight clearance methods and a promising ap-
proach is to use optimisation based methods to find the cases in the flight
envelope where the combination of parameter values and control inputs per-
forms worst.

The aim with the current project is also to extend the clearance criteria with
the goal to find unstable or in other way undesired behaviour of the closed-loop
system pilot-FCS-aircraft in a complete search without decomposing the sys-
tem into separate linearised parts which might result in overlooked dangerous
cases. The challenge of this approach is to parameterise the pilot signal in
an efficient way allowing for all possible pilot inputs represented with a small
set of parameters. Hopefully this method can be extended to also analyse the
envelope protection system of the FCS.

The current report is concerned with analysis of the Airbus model [3], with
focus on issues related to worst case pilot input with a parameterised pilot
signal.

In chapter 2 flight domain protection validation is discussed. In chapter 3,
the worst case pilot input criteria is discussed. The evaluation of the worst case
pilot input criteria is based on simulations of ordinary differential equations
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(ODE)s through the Matlab/Simulink model [3]. In chapter 4 issues related
to numerical solution of ODEs are and in chapter 5 numerical computation of
derivative information needed by local search methods are discussed. Finally
in chapter 6 stochastic search methods are discussed.

2 Flight domain protection validation

General background

The model study started with getting introduced with the structure and be-
haviour of nonlinear simulation model [1] (version of Nov 30th 2007) provided
by Airbus. A few test cases based on the clearance problems described in D1.1.1
[2] were created and tested. FOI also evaluated the response of the nonlinear
simulation model [1] to the baseline solutions provided by Airbus [3].

Conclusions

FOI had no particular difficulties in creating and testing new testcases. The
knowledge acquired during this task proved itself of being of great value while
implementing advanced test cases including optimisation parameters.

FOI noted discrepancies between the results to the baseline solutions pre-
sented by Airbus [3] and its own results. Without entering into a detailed
description of this discrepancies, it can be mentioned that FOI drew the con-
clusion that the Simulink models used by Airbus [3] are probably more recent
than the ones at our disposal and it can be assumed that some issues were
corrected in between.

Being aware of the potential flaws of the Simulink FCS models at our dis-
posal we decided, while waiting for the updated model, to use them anyway,
in association with the set of baseline solutions to clearance problems regard-
ing flight domain protection, as a basis to implement and test the different
optimisation procedures at our disposal.

FOI used the nonlinear simulation model [1] implemented in Simulink, in
association with the set of baseline solutions to clearance problems regarding
flight domain protection, as a basis to implement and test different optimisation
procedures at our disposal.

3 Criteria

The criteria for worst case pilot input are intended to capture the worst possible
behaviour of the aircraft which can be achieved by pilot inputs. The primary
indicator variables are the angle of attack and side slip angle, α and β and the
normal load factor, nz. The indicator variables are collected in a vector ye and
S is defined as the safe set of indicator variables (see [6] for a more detailed
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description. The criterion for worst pilot input (cwpi(p,FC) is a minimum
signed distance defined by:

cwpi(p, FC) = min
t∈[0,T ]

s(ye(t), ∂S) (1)

where ye(t) = [α(t), β(t), nz(t)]T are the values of the indicator variables at
time t and s(z, ∂S) is the signed distance.

In this preliminary model study a simplified criterion has been used accord-
ing to the following definition:

cα(p, FC) = max
t∈[0,T ]

α(t) (2)

4 Numerical solution of ODE

The analysis and computation of the worst case pilot input signal is based on
simulations of ordinary differential equations (ODEs). In the project COF-
CLUO this is carried out through simulations of the Airbus model [1] in the
MATLAB/SIMULINK environment.

This chapter will discuss some aspects of numerical solution of ODEs, that
are important to the project and the studied model. In the MATLAB/SIMULINK
environment several different ODE solvers are available [4]. In the simulations
presented below we have used ode45 [4].

The quality and accuracy of the computed solution will effect the robustness
and the convergence of the corresponding clearance task. The accuracy depend
on the quality of the model and ODE solvers as well as particular settings
during the simulation, for example absolute tolerance and relative tolerance in
the ode45 solver.

Case study

Here we study how accurate the angle of attack α can be computed with respect
to time for a specific scenario. In figure 1 we show the pitch and roll pilot
signal with respect to time for this scenario. The signals are nonzero and
piecewise linear in the interval 70 to 115 seconds, and further the signals are
linear on every 5 seconds interval. In figure 2 we plot α with respect to time.
In order to study the accuracy of α(t) we run MATLAB/SIMULINK model
with the choice of ode45 as the ODE solver [4]. We have used the solver
settings of 10−15 for absolute tolerance and we let the relative tolerance vary
as 10−3, 10−4, . . . , 10−9, see the below table. For each simulation we take a
note of α(100) and the total simulation time.

By studying α(100) for the cases of relative tolerance 10−3, 10−4, . . . , 10−9

we note that as the tolerance changes at most the first 3 figures agree compared
to the previous run. We conclude that for this scenario we cannot compute
α(100) to a better accuracy than of 3 significant figures.
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α(100) rel tol abs tol time
2.24773889793073 10−3 10−15 191
2.24444811802030 10−4 10−15 235
2.22124929823333 10−5 10−15 304
2.24535934754790 10−6 10−15 412
2.24697995806944 10−7 10−15 522
2.24483018356768 10−8 10−15 664
2.24621198818303 10−9 10−15 857

The computations were carried out on a DELL D820 computer with Intel
2 Core Duo processor at 2.6GHz and 4GB memory.

Conclusions

The above case study indicate that important flight variables like α cannot be
computed to a high accuracy. As a result gradients and Hessians can be difficult
to compute to sufficient accuracy making methods based on this information
difficult to use.

However, the accuracy is sufficient enough for stochastic search algorithms.
The relatively high computation time is another concern. This will cause

problems for both stochastic and local search methods. Ways of dealing with
the high computation time is either to use parallel computing, or compile the
SIMULINK model with Real-Time Workshop.

5 Derivative

In the evaluation of the criterion (2) by the use of local search methods we
need to estimate the gradient and Hessian of αmax with respect to the given
parameter set. These estimates need to be sufficiently accurate in order to
employ local search methods successfully.

Case Study

Here we will studie how accurate the derivative of αmax(t) with respect to a
scalar parameter p can be computed.

Let
f(p) = max

t∈[T1,T2]
α(t, p) (3)

where p is a parameter. Here we choose p to be a parameter in the pitch pilot
signal (one of the parameters in the piecewise linear signal). The nominal case
will be that of the previous chapter with pitch and roll signals as in figure 1,
and f(p) will be the value of α at the α-peak near (t = 87.1, α = 3.57) in figure
2.

As an approximation of the first order derivative f
′
(p) we will use the finite

difference scheme

f
′
(p) ≈ f(p + h)− f(p− h)

2h
(4)
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Figure 1: Pitch and roll pilot signals
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Figure 2: α(t)

The truncation error is of O(h2). And as an approximation of the second order
derivative f

′′
(p) we will use the finite difference scheme

f
′′
(p) ≈ f(p + h)− 2f(p) + f(p− h)

h2
(5)

The truncation error is of O(h2).

We let p be a fixed parameter and in order to compute f(p + h) we need
to run a simulation for each value of h. There is a need to run 2 simulations
in order to compute an approximation to f

′
(p) by the given finite difference

scheme (4).

For the simulations we have used the ODE solver ode45 with the setting
10−15 for absolute tolerance and 10−4 for relative tolerance.

In the table below we have estimated f
′
(p) and f

′′
(p) by the finite difference

schemes (4) and (5) respectively for different values of h.
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h first derivative second derivative
2.0000e− 01 −2.475346679086110e− 03 2.475346679086110e− 02
1.0000e− 01 −2.486281796769685e− 03 9.885463941086135e− 02
5.0000e− 02 −2.473753683629454e− 03 3.971726929719920e− 0
2.5000e− 02 −2.523431564371847e− 03 1.584777771046930e + 00
1.2500e− 02 −2.419723547628649e− 03 6.335837623683459e + 00
6.2500e− 03 −2.553846224451206e− 03 2.529021085400700e + 01
3.1250e− 03 −2.431589349001229e− 03 1.012985870931061e + 02
1.5625e− 03 −2.289627574327824e− 03 4.056254393610288e + 02
7.8125e− 04 −1.985166154838680e− 03 1.623849813988636e + 03

For the approximation of the first order derivative f
′
(p) we have that the

first 2 figures agree for h = 2 × 10−1, 1 × 10−1 and 5 × 10−2. As h decreases
less number of leading figures agree (the approximation get worse). This can
be explained as follows: for large values of h, the truncation error dominate
and for small values of h, the error in the function evaluation dominate. We
can never expect to get better approximations of derivatives by finite difference
schemes than of the underlying function evaluations due to cancellations. For
approximations of the second order derivative f

′′
we do not manage to compute

any significant figure for any h.

Conclusion

Local search methods based on computation of derivative information such as
gradients and Hessians will be difficult to implement for the current model.
Better approximations of derivatives may be possible to obtain by using more
complex finite difference schemes. However, one can never expect to get higher
accuracy than of the underlying function evaluation, which is based on simu-
lation of the model.

6 Stochastic Optimisation Methods

Stochastic optimisation methods are being used in a multitude of applications,
where the objective is to minimise a given cost function that depends on a large
number of discrete or continuous variables. In analogy to physical problems, the
cost function describes a potential energy surface in the parameter space and
its global minimum optimises the desired objective. Stochastic optimisation
methods are often applied when enumerative methods are too costly. This
is generically the case in high-dimensional optimisation problems, where the
total number of possible configurations grows exponentially with the number
of variables. In contrast, classical deterministic optimisation assumes that
perfect information is available about the loss function (and derivatives, if
relevant) and that this information is used to determine the search direction
in a deterministic manner at every step of the algorithm. In many practical
problems, such information is not available. [5]
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An implementation to couple the nonlinear simulation model [1] to a Ge-
netic Algorithm Optimisation Toolbox has been accomplished and preliminary
model study based on this GA implementation have been made and described
in this chapter. In this preliminary model study, GA have been chosen but
the implementation has been designed so that other stochastic optimisation
methods can be used with small effort.

Genetic Algorithms

Genetic Algorithms (GA) is a search technique used in computing to find exact
or approximate solutions to optimisation and search problems [7]. Genetic
algorithms are categorised as global search heuristics. They are a particular
class of evolutionary algorithms (also known as evolutionary computation) that
use techniques inspired by evolutionary biology such as inheritance, mutation,
selection, and crossover. Other evolutionary algorithms are available but they
are outside the scope of this preliminary study.

General background on GA

Genetic algorithms are implemented as a computer simulation in which a pop-
ulation of abstract representations of candidate solutions to an optimisation
problem evolves toward better solutions. The evolution usually starts from a
population of randomly generated individuals and happens in generations. In
each generation, the fitness of every individual in the population is evaluated,
multiple individuals are stochastically selected from the current population
(based on their fitness), and modified (recombined and possibly randomly mu-
tated) to form a new population. The new population is then used in the
next iteration of the algorithm. The fitness function is defined over the ge-
netic representation and measures the quality of the represented solution; the
fitness function being always problem dependent. Commonly, the algorithm
terminates when either a maximum number of generations has been produced,
or a satisfactory fitness level has been reached for the population. If the algo-
rithm has terminated due to a maximum number of generations, a satisfactory
solution may or may not have been reached.

Evaluation of the Airbus Aircraft Model using GA

To determine the robustness of the Airbus model in term of flight domain
protection, FOI has coupled the nonlinear simulation model [1] to the Genetic
Algorithm Optimisation Toolbox (GAOT) for Matlab (http://www.ise.ncsu.
edu/mirage/GAToolBox/gaot/). The purpose of this coupled system is to
search and define worst-case scenarios, within the flight domain.

11



COFCLUO D2.5.1 Review and analysis of the models

Preliminary design

Preliminary, flight altitude, aircraft speed and flight commands are the param-
eters represented in the population, the generated candidate solutions. The
baseline scenarios provided by Airbus [3] have been modified to accommodate
the GA search and FOI has decided to work with two distinct representations
for the control input: a simple one with fixed time intervals between the com-
mand changes and a more advanced one with variable time intervals.

It is planned to increase the amount of scenario parameters in the candidate
solutions. The goal being to cover as many parameters as possible during the
worst-case scenario search.

Pitch protection case study

The pitch protection scenario provided in (see [3]) has been used as a test case.
As mentioned above, two series of optimisation using GAOT can be carried
out: with variable time intervals between the control changes or with fixed (10
seconds) time intervals.

In this preliminary test case, we chose to work with fixed time intervals
and a basic fitness function. The purpose of the optimisation was to find
the case with the highest angle of attack α (a peak for instance), during the
simulation period. Other parameters could be chosen (e.g. load factor level),
or a combination of parameters as a fitness function.

Preliminary results show that cases can be found where the stick input leads
to angles of attack up to 12 to 13 degrees (see figure 4), which is above the
value of αmax.

During the optimisation process some control inputs triggered singularity
errors in the Simulink model. This is an interesting result in itself, the question
being why does the singularity appear and how can this be corrected.

It can be noted that with a standard PC (Windows XP), every evaluation
takes about 15 minutes. To obtain the preliminary results presented here,
about 250 evaluations were carried out (in other words, results were obtained
after two to three days of computation). Further tests of the concepts, using
variable time intervals between the command changes showed an increase of th
number of evaluations by at least a factor 10; the number of possibilities being
much higher. This is clearly an issue that will have to be taken care of.

Preliminary conclusions

Using the nonlinear simulation model of Airbus [1] at our disposal, the Genetic
Algorithm based optimisation showed that there are cases (see figure 3) where
the angle of attack can be higher than the authorised αmax. The Genetic
Algorithm selected also control inputs which lead to singularity errors during
the simulation.

These results are of course preliminary and require a thorough analysis
but they show the relevance of stochastic optimisation methods as a mean to
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Figure 3: Preliminary optimised commands (fixed time intervals)
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Figure 4: Angle of attack

identify irregularities in the controller behaviour.
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Figure 5: Aircraft rotations, part 2
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