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1 Introduction

Models for the nonlinear rigid aircraft model and the integral aircraft model including
sensors,actuators, and controller was delivered by Airbus. In [3] ONERA and DLR
describe how they developed linear fractional representations (LFR), like the one depicted
in Figure 1, approximating these models. For the LFR approximation of the integral
aircraft model the ∆ block contains repeated constant real uncertainties, and for the
LFR approximation of the rigid aircraft model the ∆ block contains repeated constant
real uncertainties as well as nonlinearities in the form of deadzones. The ∆ block has a
diagonal structure. This setup fits perfectly into the framework for analysis using integral
quadratic constraints (IQCs). The basic theory for IQCs is presented in [4]. For a more
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Figure 1: A linear fractional representation

complete description read the original paper by Megretski and Rantzer [14] or the more
detailed lecture notes by Jönsson [8]. The advantage of IQC analysis is that it allows for
a wide variety of uncertainties in the ∆ block. We can for example have

1



1. uncertain dynamics,

2. constant parametric uncertainty,

3. time-varying parameters,

4. various nonlinearities, or

5. combinations of the above,

while µ-analysis, see [7] and [17], can only handle linear time-invariant uncertainties.
Furthermore, using IQCs it is possible to solve a wider class of analysis problems, like
for example robust H2 performance analysis. This cannot be done using µ-analysis.
However, for the case where we want to do stability analysis and the ∆ block only
contains repeated constant real uncertainties µ-analysis is in most cases superior to IQC
analysis. IQC analysis will certainly deliver the same results, if the system under analysis
is not too complex for IQCs to handle, but at a much higher computational cost.

The main drawback with IQC analysis is that, even though it results in convex optimi-
sation problems which are considered tractable, the models used in advanced applications
may be too complex to analyse. The resulting optimisation problems become very large.
Much work and time has been invested in making it possible to solve these large optimi-
sation problems, see for example [15], [16], [9], [10], [11], [20], [18], [12] and [19]. However,
none of these methods are applicable in our case. For the methods described in [18], [12]
and [19] the IQC analysis problem has been turned into a semidefinite program (SDP)
via the Kalman-Yakubovich-Popov lemma. Somtimes SDPs with this particular structure
are called KYP-SDPs. To actually speed up computations these methods require that
the number of states of the linear time-invariant system G in Figure 1 are few compared
to the number of inputs. This is not the case for the models developed in the COFCLUO
project. As we have one input for each repetition of the real uncertainty and one input
for each nonlinearity in the ∆ block the number of columns in B is usually much greater
than the number of states. The methods described in [15], [16], [9], [10], [11] and [20],
based on outer approximation methods, on the other hand require that the multipliers
in the IQCs can be described using rather few variables. This is not true either for the
models at hand.

The most straightforward way to perform the IQC analysis of the nonlinear rigid
aircraft model and the integral aircraft model would be to use IQCs for constant real
uncertainties for the parameters and IQCs. This IQC is called iqc ltigain in the IQC
toolbox [13]. For the deadzones we can use the IQC for sector bound nonlinearities,
iqc sector in the IQC toolbox, or the Zames Falb IQC. Unfortunately the IQC for
constant real uncertainties involves dynamic multipliers which increase the size of the
optimisation problem. The combination of complex models and complex IQCs result in
too large optimisation problems. Two IQCs that are simpler than the one for constant
real uncertainties are the one for real uncertainties that are allowed to vary arbitrarily
fast and the one for diagonal real uncertainties that are allowed to vary arbitrarily fast.
In the IQC toolbox these IQCs are called iqc tvscalar and iqc diag respectively. We
are allowed to use these IQCs for these uncertainties as the uncertainties we actually have
are a subclass of these uncertainties. To use simpler IQCs is more conservative, but if we
succeed to clear a model with a simple IQC, that is still good enough since we are only
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considering sufficient conditions for clearance. Also other strategies can be used. When
we have a combination of constant real uncertainties, saturations and rate limiters we can
partition the flight envelope and verify the criteria part by part. In addition to this we
may also perform model reduction in each partition. It is very likely that smaller regions
of uncertainty can be accurately described by simpler models.

The criteria we consider in this study are

1. stability analysis of the nonlinear rigid aircraft model. We consider longitudinal
motion only. This criterion is described in [1] and the analysis results are presented
in Section 2.

2. stability analysis of the integral aircraft model. We consider longitudinal motion
only. This criterion is described in [2] and the analysis results are presented in
Section 3.

3. comfort and loads analysis of the integral aircraft model. We consider longitudinal
motion only. This criterion is described in [2] and the analysis results are presented
in Section 4. How to formulate this criterion as an IQC-based analysis is shown
in [5].

For the two first criteria the closed loop system is considered. It has to be stable, but
since the pilot is allowed to correct possible deviations (pilot-in-the-loop), slowly divergent
modes are allowed as long as the time of doubling of the divergent modes is less than 6
seconds. Allowing such modes is taken care of by shifting the stability region, if necessary,
from being the left half plane to being the half plane to the left of ln 2

6
.

2 Stability analysis of the nonlinear rigid aircraft

model

In this section we present a method for analysing the stability of the unpiloted nonlinear
rigid aircraft model. We describe the implementation procedure for the proposed method,
and discuss the achieved results. Considering the fact that the data supplied to the
controller, e.g., mass, position of the centre of gravity etc., is uncertain and possibly
erroneous, the robustness of the achieved stability results should be checked with respect
to the uncertain variables, [1]. The uncertain variables in the ∆ block are

∆ = diag
[

MaIkMa
VcasIkV c

XCGIkCG
mIkm

diag ∆NL

]

. (1)

where Ma is the Mach number, Vcas is the calibrated air speed, XCG represents the
uncertainty in the position of the centre of gravity, m is the mass of the aircraft and ∆NL

represents the nonlinearities due to deadzones in the actuators and control laws.
Generally, aircraft models transformed into LFRs, come with very high dimensional ∆

blocks, which makes the stability analysis process very challenging and time consuming.
In order to make the process less computationally demanding, we perform the stability
analysis in three separate stages, namely, analysis of nominal stability, analysis of robust

stability and finally analysis of nonlinear stability, [4] .
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1. Nominal stability :

In this stage of stability analysis, we only consider uncertainty over the values
of mass, calibrated airspeed and Mach number and neglect the nonlinearities and
the uncertainty over the position of centre of gravity. Then we look for regions
over which stability of the system can be proven with respect to the considered
uncertainties. In the analysis we use the IQC for diagonal real uncertainties that
are allowed to vary infinitely fast. As we partition the flight envelope and clear it
part by part this results in a good trade-off between how many partitions we need
and the computational time for each partition.

2. Robust stability :

In this stage, we investigate if the stability of the system is robust with respect
to the uncertainty over the position of centre of gravity. We only consider regions
with cleared nominal stability. In each such region we search for the maximum
uncertainty over the position of centre of gravity, whichwe can add without making
the system unstable.

3. Nonlinear stability :

Finally, having performed the previous two stages we look for regions in the flight
envelope where we can show stability with respect to nonlinearities and all possible
uncertainties (i.e., mass, calibrated airspeed, Mach number and position of centre
of gravity. Here we will use the Zames Falb IQC for the nonlinearities.

2.1 Analysis of nominal stability

As was mentioned above the objective of the proposed analysis is either to show stabil-
ity of the system over the whole flight envelope, or if this is impossible, localise regions
with unclear stability properties with a pre-specified accuracy. One way to do this is
to partition the flight envelope with respect to the uncertainties using a fixed split ratio
and analyse the stability of the system over each of the generated smaller partitions. If
the fixed split ratio is chosen such that the resulting partition is guranteed to satisfy the
desired accuracy we will get a huge number of partitions. Analysing the stability of the
system over this number of regions, requires an unreasonable amount of time and compu-
tational effort. In order to reduce the computational burden we perform the partitioning
of the flight envelope in several steps. The split ratio for each of the partitioning steps
are chosen such that the resulting partitions, by the end of the procedure, will meet the
required accuracy. It is worth noting that if a region of the flight envelope is proven to
be stable, further partitioning of that region will always result in stable regions. Hence,
no further partitioning is necessary. This may save us considerable amounts of time and
computational effort

The provided model, described in [3], consists of 16 LFT models for different regions
of flight envelope. Table 1 presents the size of each of the uncertainty blocks for each of
the LFT models.

The partitioning was supposed to be performed in three steps, and in order to guar-
antee that the required accuracy was met split ratios of 4, 2 and 2 were chosen for the
consecutive steps. However, stability of the system was shown already after the two first
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Table 1: Provided LFT models descriptions.
LFT # Mass Vcas Mach XCG # Deadzones ∆ block size # States

1 21 37 48 38 8 152 14
2 35 45 40 24 8 152 14
3 35 45 40 24 8 152 14
4 35 45 40 24 8 152 14
5 35 45 40 24 8 152 14
6 21 45 40 38 8 152 14
7 35 37 48 24 8 152 14
8 35 45 40 24 8 152 14
9 35 23 40 40 8 146 14
10 21 41 40 37 8 147 14
11 35 48 32 23 8 146 14
12 35 40 40 23 8 146 14
13 21 40 40 37 8 146 14
14 35 48 32 23 8 146 14
15 21 32 48 37 8 146 14
16 35 48 32 23 8 146 14

stages. Figures 2-4 and Table 2 summarise the outcome of the performed analysis. In
the figures green regions are shown to be stable in the first partitioning stage and red
regions are shown to be stable in the second partitioning stage.

Table 2: Amount of time and number of partitions to clear each of the LFT models.

LFT No. Time Elapsed [min] No. Regions

1 189 78
2 100 64
3 101 64
4 123 64
5 188 71
6 70 64
7 100 64
8 104 64
9 87 64
10 56 64
11 77 64
12 91 64
13 55 64
14 116 71
15 52 64
16 88 64

Total 26 Hours 1052
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Figure 2: Partitioned Flight Envelope, the top left figure represents LFT models 1, 3, 5
and 7, top right 2, 4, 6 and 8, bottom left 9, 11, 13 and 15 and bottom right 10, 12, 14
and 16.

2.2 Analysis of robust stability

This stage of the stability analysis is performed over the partitioned flight envelope,
achieved from the previous stage. The search for the maximum range of uncertainty over
XCG, is done by checking the stability of the the normalised system corresponding to
the region under investigation (i.e., XCG ∈

[

−1 1
]

). Note that, the analysis of robust
stability is conducted only on the regions which were cleared during the nominal stability
analysis stage. Prior to starting the search for the mentioned range, the stability of the
model is checked with full uncertainty over XCG. It goes without saying that if the model
is stable, there will be no need for further search for the bounds over the uncertainty.
However, if the stability of the normalised model cannot be cleared with the full range of
uncertainty, the range will be divided symmetrically, and using a golden search algorithm
the bounds will be derived with the desired accuracy.
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Figure 3: LFT Models which required multiple steps of partitioning for stability clearance,
(LFT No. 1, 5 and 14).
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Figure 4: Partitioned Flight Envelope Vcas Vs Mach.

Remark 2.1 Note that the achieved values for the maximum allowed uncertainty in XCG

are conservative. This is due to the fact that,

1. The search for the maximum range of uncertainty over XCG is performed based

on the mapping of the stable regions, achieved from analysis of nominal stability.

Since stable regions achieved in the first stage, are not divided into the smallest

regions, the search for the uncertainty range is not performed over the finest grid

of the flight envelope. As a result the achieved bounds for the uncertainty for that
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regions are such that all the sub-models within the partition are stable with that

single bound, resulting in a conservative estimation of the range of uncertainty over

XCG, specially for large regions of flight envelope.

2. The search for the bounds of uncertainty over XCG is done in a symmetric manner.

Although searching for the maximum allowable uncertainty in XCG over the finest grids

of flight envelope or using asymmetrical search methods would lead to less conservative

bounds, it would considerably increase the required computational effort. In other words

there is a trade off between the conservativeness of the bounds and the amount of com-

putational effort to calculate the bounds, and it is up to the user to decide upon which

method to use.

Figure 5 and Tables (3)-(4) present the achieved results from the analysis of robust
stability over the provided aircraft model.
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Figure 5: Regions with cleared stability but not with full range of uncertainty over XCG.

2.3 Analysis of nonlinear stability

For the nonlinear stability there is a complication. We have discovered that if we replace
one of the nonlinearities with a constant gain of 0.771 we get an unstable system. There
could possibly be other such cases. This does not mean that the nonlinear system is
unstable but it makes stability analysis hard to perform. The IQCs we can use for
the nonlinearities at hand are IQCs for sector bound nonlinearities and slope bound
nonlinearities. If we know that there is a constant gain in the sector or in the interval
that restricts the slope it will be impossible to show stability. We instead tried to see for
how large slopes we could prove stability. With the Zames-Falb IQC, called iqc slope

in the IQC toolbox we could show stability if the slope was between zero and 0.68. If
this is a conservative result or if we actually have instability for a constant gain of 0.68
in one of the loop is not known to us.
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Table 3: Amount of time to finish the analysis of robust stability.

LFT No. Time Elapsed [min] No. Regions

1 966 78
2 164 64
3 163 64
4 219 64
5 336 71
6 191 64
7 182 64
8 181 64
9 209 64
10 176 64
11 126 64
12 150 64
13 131 64
14 181 71
15 122 64
16 135 64

Total 60 Hours 1052

Table 4: Regions with cleared stability but not with full range of uncertainty over XCG.

Mach Mass[T] Vcas Normalised XCG

[0.2790 - 0.3338] [120 - 126.1250] [184.68 - 201.2025] [-0.324 0.324]
[0.4433 - 0.4980] [120 - 126.1250] [184.68 - 201.2025] [-0.1196 0.1196]
[0.4433 - 0.4706] [126.1250 - 129.1875] [184.68 - 192.9413] [-0.7507 0.7507]
[0.4706 - 0.4980] [126.1250 - 129.1875] [184.68 - 192.9413] [-0.5146 0.5146]
[0.4706 - 0.4980] [129.1875 - 132.25] [184.68 - 192.9413] [-0.2097 0.2097]
[0.4706 - 0.4980] [126.1250 - 129.1875] [192.9413 201.2025] [-0.4245 0.4245]
[0.4706 - 0.4980] [129.1875 - 132.25] [192.9413 201.2025] [-0.5146 0.5146]

2.4 Summary of analysis results

We have shown nominal stability for the entire flight envelope. For most of the regions
that are nominally stable robust stability can also be shown. The nonlinear stability has
not been possible to conduct within the time frame of the project but results are on the
way.

3 Stability analysis of the integral aircraft model

In this section we present a method for analysing the stability of the unpiloted integral
aircraft model and discuss the achieved results. The unpiloted aircraft can be modelled as
a linear fractional transformation, as the one in Figure 1, with repeated real uncertainties
in the uncertainty block ∆. The models developed in the COFCLUO project considered
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in this analysis are

• CL lon15 C: closed-loop model with uncertain parameter C which is the fullness
ratio of the centre tank. The model is valid in the domain [0, 15] rad/s.

• CL lon15 OC: closed-loop model with uncertain parameters O, which is the fullness
ratio of the outer tank, and C. The model is valid in the domain [0, 15] rad/s.

• CL lon15 POC: closed-loop model with uncertain parameters payload P , O and C
valid in the domain [0, 15] rad/s.

All these models have 22 states and the number of repetitions in the ∆ block are reported
in Table 5. We would also have liked to analyse the models

• CL lon15 MV: closed-loop model with uncertain parameters Mach number Ma and
calibrated air speed Vcas valid in the domain [0, 15] rad/s and

• CL lon15 POCMV: closed-loop model with uncertain parameters payload P , O, C,
Ma and Vcas valid in the domain [0, 15] rad/s.

Why this was not possible is explained in Section 3.1. To verify the stability, for all
possible combinations of constant parameter values, we would like to use IQCs for con-
stant real uncertainties and compute the induced L2 gain from the input w to the output
e. If this gain is finite the aircraft is stable for the parameter combinations considered.
As it turns out this is only possible for the most simple model. The other models are
too complex to analyse in this way. We instead tried a partitioning strategy similar to
the one used for the nonliear rigid aircraft. To use the original model in the partitions
and simpler but more general IQCs does not work. If larger partitions are used stability
cannot be verified in large parts of the flight envelope. If small enough partitions are
used the analysis takes unreasonably long time to perform. We instead tried to simplify
the integral aircraft model and used reduced order models valid in one partition only.
The simple models were used together with the more complex IQC for constant real
uncertainties.

3.1 Simplified models

To get simpler models valid in a partition of the flight envelope we used the method
described in [6]. The method does not reduce the number of states but only the number
of repetitions of the real uncertainties in the ∆ block. The models we consider have a
direct term but as the chosen model reduction method is based on the H2 norm of the
systems we cannot include it. This is however not a problem in this case, as the direct
term does not affect stability. Hence, we only try to model the parameter dependence in
the A , B and C matrices of the state-space form and ignore the D matrix. This choice
further helps us to reduce the size of the ∆ block.

The drawbacks of the model reduction method used are that

• it is based on a nonlinear, nonconvex optimization problem. Hence, finding good
initial values is crucial and
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• if a certain degree of a polynomial should be present in an element of the system
matrices we have to explicitly specify this. When the number of states grows there
are many such choices to be made and this becomes a real issue.

Due to these difficulties we have not yet found good enough reduced order models when
Ma and Vcas are uncertain. However the method is still under development and we believe
that there is good hope to find remedies for both drawbacks.

For the cases where we have succeeded in finding reduced order models the relative
error, between the original model and the reduced order model, measured in H

∞
norm

are in the order of 1 %1. Hence, we consider it fair to use the reduced models in the
analysis. Furthermore, the reduced order model is valid for the entire range of allowed
parameter variation so we do not have to do any partitioning of the flight envelope. All
models have 22 states and the reduction of the size of the ∆ block is shown in Table 5.

Model C O, C P , O, C

Repetitions in ∆ block, original model 20 30 + 32 16 + 30 + 52
Repetitions in ∆ block, reduced model 9 9 +9 9 + 9 + 9

Table 5: Sizes of the uncertainty block in the original models and in the reduced models.
The parameters are P payload, O outer tank and C centre tank.

3.2 Analysis results

The analysis was performed on a 2.66 GHz Dell computer with two Intel Core2 Duo E6750
processors with 2 GB RAM running under Linux version 2.6.18. The IQC analysis was
performed using the IQC toolbox version 3.1 running under Matlab 7.5.0 (R2007b). The
underlying SDP solver was the one in the robust control toolbox version 3.3. The IQC
used for the constant real uncertainties was iqc ltigain with default input parameters.

For all models analysed the entire region where the parameters are allowed to take on
values was cleared. The computational time for the analysis is shown in Table 6.

Model C O, C P , O, C

Analysis time, original model 8 h 9 m – –
Analysis time, reduced model 5 m 45 s 54 m 3 s 9 h 56 m

Table 6: Computational times for the analysis of the different models. A – means that
analysis was not possible due to memory issues.

1The reduced order model, Gr, was compared to the original model, Go, for 100 randomly chosen
fixed parameter values. For none of the models the relative error ‖Go−Gr

Go

‖∞ was larger than 1%. For

most of the validation models the error was considerably smaller.
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4 Comfort and loads analysis of the integral aircraft

model

In this section we present and discuss analysis results for the comfort criterion defined for
the unpiloted integral aircraft model. The baseline solution for the comfort criterion is
described in [2, Sect. 4.3]. The problem has been reformulated in terms of H2 performance
analysis in [4] and tackled via IQC techniques in [5].

The considered models are a subset of the LFR models developed in [3] for analysis
of the longitudinal linear dynamics of the aircraft. We consider only models with one
uncertain parameter: the fullness ratio of the fuel load for the centre tank (C). This
is motivated by the fact that, although this is the simplest LFR model provided in [3]
in terms of size of the uncertain block ∆, the resulting optimisation problems are very
computationally demanding. In particular, we consider the following models:

• OL lon15 C : open-loop model with uncertain parameter C, valid in the domain
[0, 15] rad/sec

• OL lon50 C : open-loop model with uncertain parameter C, valid in the domain
[0, 50] rad/sec

• CL lon15 CXcg : closed-loop model with uncertain parameter C and Xcg set to a
constant value, valid in the domain [0, 15] rad/sec

• CL lon50 CXcg : closed-loop model with uncertain parameter C and Xcg set to a
constant value, valid in the domain [0, 50] rad/sec

The number n of state variables and the size d of the ∆ block, that is number of repetitions
of uncertain parameter C for these models, are reported in Table 7.

Model n d

OL lon15 C 12 14
OL lon50 C 30 26

Cl lon15 CXcg 22 18
CL lon50 CXcg 40 30

Table 7: Number of states (n) and size of ∆ block (d) for the integra LFR models
developed for the comfort criterion

4.1 Expected computational times

The robust H2 technique is quite computationally demanding. The average computa-
tional times experienced so far for a single robust H2 norm computation (i.e.: one cri-
terion, one point in the fuselage and one partition of the uncertainty domain) are the
following:

• OL lon15 C : 20 minutes (on an Intel XEON 5150 processor with 4 GB RAM)
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• CL lon15 CXcg : 40 minutes (same machine)

• OL lon50 C : 8 hours (on a 2xIntel dual core processor with 16 GB RAM)

In contrast, the baseline solution routine is very fast, as it does not require the solution
of any optimisation problem. It will take few minutes to compute all the criteria for all
points in the fuselage (this is not surprising, as we have chosen only 21 grid points and a
single uncertain parameter).

4.2 Preliminary results and discussion

The analysis method has been tested on the model OL lon15 C. The values of the robust
H2 norm for all the criteria, all points in the fuselage and all four channels, i.e. [Jfeet;
Jseat; Jback; J ], are shown in Figure 6. The corresponding values provided by the baseline
solution, applied to the LFR models, are reported in Figure 7. It can be observed that
the two figures are almost indistinguishable. This suggests several things:

• The proposed technique for robust H2 norm computation is not significantly con-
servative for the considered LFR model.

• The lower bound provided by the baseline solution is quite tight. This is motivated
by the fact that, in the considered model, the worst-case values of the comfort
criterion are attained at the extremes of the uncertainty interval of the parameter
C, and therefore are always caught by the baseline solution (because the gridding
with respect to C always includes the extreme points of the uncertainty interval).

• The comparison between the baseline solution for the LFR models and that com-
puted for the original Airbus models, may be useful to validate the LFR models. In
fact, significant discrepancies are expected for the models whose domain of validity
is [0, 15] rad/sec, while more accurate values of the comfort criterion should be
obtained on the models valid in the [0, 50] rad/sec range. This is due to the fact
that the baseline solution is based on numerical integration on the finite frequency
domain [0.062, 62.8] rad/sec. This comparison may represent a valuable guideline
for a fine tuning of the LFR models generated for the comfort clearance.

It is worth noting that the values of the comfort index returned by the baseline solution
are always smaller than those obtained via the robust H2 analysis for two reasons: (i)
the considered robust H2 technique is conservative in general; (ii) the baseline solution
considers a finite grid of C values and a finite frequency range, and hence it gives a
lower bound to the true criterion; on the contrary, the robust H2 approach considers the
continuum of all possible C values and all the frequencies, thus providing an upper bound
to the criterion.

5 Conclusions and future research

The models developed in the COFCLUO project are very computationally demanding
to analyse using IQCs. Only a subset of the models can be cleared. As was mentioned
in the introduction existing structure exploiting methods for solving KYP-SDPs cannot
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Figure 6: Robust H2 analysis for model OL lon15 C.
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Figure 7: Baseline solution for model OL lon15 C.
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handle the particular structure we have in the problems at hand. Hence, it would be
very interesting to further investigate if it is possible to find new structure exploiting
algorithms that can cope with multipliers with a complex structure and systems with
many more inputs than states.

Very often we also encounter numerical issues in complex IQC analysis problems.
While years of research has been spent on how to solve Riccati equations in a good way
surprisingly little has been done for KYP-SDPs. KYP-SDPs can solve the same problems
as can be solved using Riccati equations but also more general ones. Hence, improving
numerical properties for this class of semidefinite programs is, in our opinion, a very
important area of future research.
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