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Abstract

This report describes some systematic techniques for finding Lyapunov
functions for certain classes of uncertain systems, possibly interesting for
use in clearance of flight control laws. We consider three types of uncertain
systems, affine, polytopic and LFT systems. All the techniques result in
linear matrix inequalities which can be solved using convex optimization
for which there exist efficient solvers.
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Notation and Acronyms

Symbols

R, (C) real (complex) numbers
R

n, (Cn) real (complex) vectors with n entries
R

m×n, (Cm×n) real (complex) matrices of dimension m × n

RH
l×m
∞ space of real-rational functions bounded in the right half plane

(including the imaginary axis) with l outputs and m inputs
L

n
2 space of square integrable signals of dimension n

∈ belongs to
∀ for all
⊆ subset of
B \ A Relative complement of A in B
AT , (A∗) transpose (complex conjugate transpose) of matrix A
ẋ derivative of x with respect to time
diag {u1, u2, . . . , uN} diagonal matrix with elements ui on the main diagonal

θ, (θ) infimum (supremum) of θ
A ⊗ B Kronecker product of A and B

Acronyms

IQC Integral Quadratic Constraint
LFT Linear Fractional Transformation
LMI Linear Matrix Inequality
LPV Linear Parameter-Varying

2



Contents

1 Introduction 4

1.1 System stability and performance using Lyapunov functions 4
1.1.1 Stability . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.1.2 Region of attraction . . . . . . . . . . . . . . . . . . 5
1.1.3 L2-gain . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Stability and performance using IQC’s . . . . . . . . . . . . 6

2 Uncertain system analysis using Lyapunov functions 7

2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.1 Multiconvexity . . . . . . . . . . . . . . . . . . . . . 8
2.1.2 Dilated LMIs . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 D-stability . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Quadratic stability . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Affine parameter dependence . . . . . . . . . . . . . . . . . 10
2.4 Polytopic parameter dependence . . . . . . . . . . . . . . . 11

2.4.1 Constant polytopic systems . . . . . . . . . . . . . . 12
2.4.2 D-stability . . . . . . . . . . . . . . . . . . . . . . . 13
2.4.3 Time-varying polytopic systems . . . . . . . . . . . . 14

2.5 Linear fractional parameter dependence . . . . . . . . . . . 14
2.5.1 Time-invariant systems . . . . . . . . . . . . . . . . 15
2.5.2 D-stability . . . . . . . . . . . . . . . . . . . . . . . 15
2.5.3 Time-varying systems . . . . . . . . . . . . . . . . . 16

3 Using Lyapunov functions for clearance of flight control

laws 17

References 18

3



1 Introduction

Clearance of flight control laws is a critical issue that all aircraft manu-
facturers are required to comply with. Before an airplane is allowed to fly,
it has to be proved to the authorities that the aircraft is safe and reliable
to fly.

The flight control system has to be robust with respect to all sources
of uncertainty, disturbances and nonlinearities in the aircraft model and
work properly for all points in the flight envelope. Common uncertainties
in an aircraft model are the location of the center of gravity, the inertia
coefficients and the aerodynamic coefficients. Disturbances can be wind
gusts, turbulence in the air as well as pilot inputs which in some cases
can be seen as disturbances. Nonlinearities in the aircraft are for example
saturations in actuators, rate limiters and logic switches in the control
system. The flight envelope is normally the admissible values of speed,
altitude and angle of attack.

Part of the industrial clearance process involves investigation of the
closed-loop eigenvalues, stability margins and performance indices for all
possible variations of the uncertain parameters and all points in the flight
envelope [17]. This is usually done by linearising the nonlinear aircraft
model at different equilibrium points in the flight envelope and then inves-
tigating these equilibrium points separately. The results obtained in this
process are only locally valid and nothing can be said about the overall
robustness of the nonlinear system. Hence, the use of methods dealing
with nonlinearity and uncertainty is interesting to increase the reliability
of the clearance procedure. In the control community, there are several
well developed methods for dealing with robustness issues, and in this
report, some of these will be surveyed.

1.1 System stability and performance using Lya-

punov functions

As pointed out in [36], Lyapunov-based clearance of flight control laws
seems to be an area of research that has received relatively little atten-
tion so far. Lyapunov based techniques are well established within the
field of control and can be used to address robust stability and robust
performance [30].

We here summarize some basic results of Lyapunov theory and show
how Lyapunov functions can be used for assessing system properties such
as stability and performance. The system we will consider is the general
nonlinear system

ẋ(t) = f(x(t), u(t)) (1)

representing the closed-loop dynamics. Here, x(t) ∈ R
n represents the

state vector and u(t) ∈ R
m is the control signal. In the following sub-

sections, some properties of the system (1) that can be analyzed using
Lyapunov functions are summarized.

1.1.1 Stability

Among the system properties that can be analyzed using Lyapunov func-
tions, stability is perhaps the most fundamental. In Theorem 1 we present
a sufficient condition for the stability of the zero equilibrium of the un-
forced (u(t) = 0) system in (1).
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Theorem 1. Let x = 0 be an equilibrium point for (1). Let D ⊆ R
n and

let V : D → R be a continuously differentiable function on a neighborhood
D of x = 0, such that

V (0) ≥ 0 and V (x) > 0 in D \ {0} (2a)

V̇ (x) ≤ 0 in D (2b)

then x = 0 is stable. Moreover, if

V̇ (x) < 0 in D \ {0} (2c)

then x = 0 is asymptotically stable. For a proof, see [30]

Here one should note that this is only a sufficient condition for sta-
bility. If no Lyapunov function can be found, then nothing can be said
about stability except in a few special cases, such as linear time-invariant
systems. We should also note that if we want to verify stability for an-
other equilibrium point than the origin, this can be done by a change
of coordinates, i.e. if x0 is an equilibrium point, we can do a change of
coordinates z = x − x0 and test if the origin is a stable equilibrium point
for f(z(t), 0).

Another drawback with using Lyapunov functions for stability tests is
that none of the methods that will be surveyed in this report will give a
statement about the worst case parameter combination that caused the
test to fail.

In recent years, several systematic ways of proving stability using Lya-
punov functions have been developed resulting in Linear Matrix Inequali-
ties (LMIs) which can be solved efficiently by interior point algorithms [2].
Some of these methods will be surveyed in Section 2.

1.1.2 Region of attraction

Assume V is defined as in Theorem 1 and assume there exist c > 0 such
that the region

Ωc = {x ∈ R
n|V (x) ≤ c} (3)

is bounded and contained in D, then every trajectory starting in Ωc re-
mains in Ωc and approaches the origin as t → ∞. If D = R

n, then the
system is globally asymptotically stable, i.e. the system is stable for any
initial point. This can be used to assess for how large disturbances the
system will still return to the stable equilibrium point.

1.1.3 L2-gain

In (1), let f(x, u) = g(x) + p(x)u with the output of the system y =
h(x) ∈ R

l, where f , p and h satisfy suitable technical assumptions about
regularity conditions [30]. Let γ > 0 and suppose there exists a continu-
ously differentiable, positive semidefinite function V (x) that satisfies the
inequality

∂V

∂x
f(x) +

1

2γ2

∂V

∂x
p(x)p(x)T

„
∂V

∂x

«T

+
1

2
hT (x)h(x) ≤ 0 (4)

for all x ∈ D. Then, the system has an L2-gain less than or equal to γ.
The L2-gain is a measure of worst-case energy amplification from input
to output, and can therefore be used as a measure of how disturbances
affect the output of the system.
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1.2 Stability and performance using IQC’s

Another approach to robustness analysis can be taken using integral quad-
ratic constraints (IQC’s) [32]. Using IQC’s, parametric uncertainty, time-
delays, various nonlinearities and other uncertainties can be handled using
the same framework. An introduction to IQC’s can be found in [32] and
in the lecture notes in [25].

We here summarize some recent results published in [32]. The notation
in this section is the same as in [32]. Two signals v(t) ∈ L

l
2 and w(t) ∈ L

m
2

are said to satisfy the IQC defined by Π(jω), if

Z
∞

−∞

»
v̂(jω)
ŵ(jω)

–
∗

Π(jω)

»
v̂(jω)
ŵ(jω)

–

dω ≥ 0. (5)

Here, v̂(jω) and ŵ(jω) denotes the Fourier transform of v(t) and w(t).
In principle, Π : jR → C

(l+m)×(l+m) can be any measurable Hermitian-
valued function. However, in most situations it is sufficient to use rational
functions that are bounded on the imaginary axis. As an example, to
describe the saturation w = sat v, one can use the IQC defined by (5)
with Π = diag {1,−1} [32].

A stability theorem presented in [32] concerns the system

v = Gw + f

w = ∆(v) + e
(6)

where G is a linear time-invariant system and ∆ the bounded uncertain
component. We now present the main theorem from [32].

Theorem 2. Let G(s) ∈ RH
l×m
∞ , and let ∆ be a bounded causal operator.

Assume that:

i) for every τ ∈ [0, 1], the interconnection of G and τ∆ is well-posed
[46];

ii) for every τ ∈ [0, 1], the IQC defined by Π is satisfied by τ∆;

iii) there exists ǫ > 0 such that

»
G(jω)

I

–
∗

Π(jω)

»
G(jω)

I

–

≤ −ǫI, ∀ω ∈ R (7)

Then, the feedback interconnection of G and ∆ is stable.

Using

Π1 =

»
I 0
0 −I

–

Π2 =

»
0 I
I 0,

–

, (8)

we get as special cases, with Π = Π1, the small gain theorem and, with
Π = Π2, the passivity theorem.

We can see that in the previous example, both Π1 and Π2 have the
upper left corner positive semi-definite and the lower right corner negative
semi-definite. This is often the case in applications [32] and simplifies
assumption ii) since τ∆ satisfies the IQC defined by Π for τ ∈ [0, 1] if and
only if ∆ does so.

A nice property of IQC’s is that if ∆ satisfies several IQC’s defined
by Π1, . . . , Πn, then a sufficient condition for stability is the existence of
x1, . . . , xn ≥ 0 such that (7) holds for Π = x1Π1 + · · · + xnΠn. Hence,
one can reduce conservatism by using more IQC’s for ∆. However, this
increases the computational complexity.
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To verify condition (7) is an infinite dimensional non-convex opti-
mization problem. However, by using suitable state-space realizations
for G(jω) and Π(jω), we can write

»
G(jω)

I

–
∗

Π(jω)

»
G(jω)

I

–

=

»
(jω − A)−1B

I

–
∗

Mq

»
(jω − A)−1B

I

–

, (9)

where Mq depends affinely on the decision variables. Hence we can use
the Kalman-Yakubovich-Popov lemma [42], and see that (7) is equivalent
to the existence of a matrix P = P T > 0 ∈ R

n×n such that
»
PA + AT P PB

BT P 0

–

+

q0X

q=1

xqMq < 0 (10)

where q0 is the number of decision variables. Here we stress that the
dimension of A is not the number of states in the original system, since A
also contains the dynamics of the IQC’s Π(jω). The LMI (10) is a finite
dimensional convex optimization problem, for which there exists tailor
made algorithms and solvers, see for example [44, 27].

In [32], it is established that a system that is quadratically stable can
always be proven stable by using IQC’s. For more complex Lyapunov
functions, the connections has yet not been established.

A list of several useful IQC’s for different kinds of uncertainties, delays
and nonlinearities can be found in Section VI in [32]. Other examples of
IQC’s can be found in [29] (delays with bounded rate of variation).

There is also a toolbox for analysis using IQC’s, described in [28].

2 Uncertain system analysis using Lya-

punov functions

In applications, systems can normally not be modeled as exactly as in (1),
either because it is not possible to describe the system accurately or be-
cause simpler models are needed for synthesis or simulation. Therefore,
the model will always be an approximation of the real world, and if for ex-
ample stability is assessed for the so called nominal closed-loop model (1),
nothing can be said about the stability of the real system unless these
model errors have been accounted for in the design or analysis procedure.
Therefore, there is need for analysis methods that can assess stability and
performance even in presence of model errors [46].

The methods available in the literature typically require some infor-
mation of how the uncertainties affect the system. There are several ways
to model these uncertainties and the models used for each method will be
described in more detail in the following sections. In this section, we will
describe the so called Linear Parameter-Varying (LPV) model. An LPV
model can be defined in a state-space formulation as

ẋ(t) = A(θ)x(t) + B(θ)u(t) (11a)

y(t) = C(θ)x(t) + D(θ)u(t) (11b)

where x ∈ R
nx , u ∈ R

nu , y(t) ∈ R
ny and θ ∈ R

nθ . The matrices A, B,
C and D are assumed to be real and have compatible dimensions. The
uncertain parameter θ can be either time-varying or constant. Depending
on how θ enters the matrices, we can get different models as special cases.
For example if θ enters affinely, we have an affine model that will be
described in Section 2.3 and if θ enters in a rational-polynomial way, the
system (11) can be put in an LFT form (see Section 2.5).
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2.1 Preliminaries

As described in Section 2, Lyapunov functions can be used to test stabil-
ity of uncertain systems. In this section, some systematic ways of finding
Lyapunov functions are presented. All of the methods surveyed in this
report assume that there is a Lyapunov function that depends on the un-
certain parameters in some way, typically in the same way as the uncertain
system does. Straightforward application of Theorem 1 gives inequalities
that must be verified for the infinitely many combinations of uncertain
parameters. This is of course impossible and by using either one of two
techniques described below, this can be simplified so only the vertices of
the uncertainty region needs to be considered. Roughly, the methods can
be described as either increasing the number of LMIs by imposing mul-
ticonvexity [19] or increasing the number of variables and the size of the
LMIs by using so called dilated LMIs [9]. The methods can be combined,
which is done in for example [13].

2.1.1 Multiconvexity

The concept of multiconvexity will be explained using a lemma taken
from [19].

Lemma 1. Consider a scalar quadratic function of θ ∈ R
N

f(θ1, . . . , θN ) = α0 +
NX

i=1

αiθi +

N−1X

i=1

NX

j=i+1

βijθiθj +
NX

i=1

γiθ
2
i (12)

where αi ∈ R, βjk ∈ R and γl ∈ R and assume that f(·) is multiconvex,
that is

2γi =
∂2f(θ)

∂θ2
i

≥ 0 for i = 1, . . . , N. (13)

Then f(·) is negative in a hyper-rectangle if and only if it takes negative
values at the corners of the hyper-rectangle.

For a proof, see the appendix of [19]. If we assume we have a quadratic
parameter-dependent Lyapunov function, this lemma can then be used to
force the derivative of the Lyapunov function V in Theorem 1 to be a
multiconvex function of the uncertain parameters. This implies that it is
only necessary to verify the negativeness of the derivative of the Lyapunov
function at the vertices of the uncertainty region for which stability is
tested. By doing so, this usually increases the number of LMIs since the
multiconvexity requirement is typically enforced by additional LMIs.

2.1.2 Dilated LMIs

Dilated, or extended, LMIs is a technique that instead of increasing the
number of LMIs increases the number of variables. This is illustrated in
the following lemma borrowed from [38].

Lemma 2. The following conditions are equivalent:

(i) There exist a matrix P = P T > 0 ∈ R
n×n such that

PA + AT P < 0 (14)
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(ii) There exist a symmetric matrix P > 0 ∈ R
n×n and two matrices

G ∈ R
n×n and F ∈ R

n×n such that
»

AT F T + FA P − F + AT G
P − F T + GT A −(G + GT )

–

> 0. (15)

For a proof, see [38]. The inequality in condition (i) is the continuous
time Lyapunov function1. Note here that there are no restrictions on the
matrices F and G at all. By using this lemma, we remove the multiplica-
tion of the Lyapunov matrix P and A. Hence, if F and G are constant and
P and A are parameter dependent with polytopic dependence, condition
(ii) can be replaced by

»
AT

i F T + FAi Pi − F + AT
i G

Pi − F T + GT Ai −(G + GT )

–

> 0 for all i = 1, . . . N. (16)

and it is sufficient to only check the Lyapunov condition at the vertices.

2.1.3 D-stability

Let a time-invariant dynamical system be defined by its state equation2

ẋ(t) = Ax(t) where x ∈ R
n and let D be a subregion in the complex

plane. If A has all its eigenvalues in the subregion D, then A is said to
be D-stable. In the papers surveyed, the region D = DR is assumed to be
defined as

DR =
n

z ∈ C : R11 + R12z + RT
12z

∗ + R22zz∗ < 0
o

(17)

where R11 = RT
11 ∈ R

d×d, R12 ∈ R
d×d and R22 = RT

22 ∈ R
d×d are

submatrices of R = RT ∈ R
2d×2d such that

R =

»
R11 R12

RT
12 R22

–

(18)

We assume that R22 is positive semidefinite, and therefore the region DR

is convex and symmetric with respect to the real axis. See for example [4]
and [38] about how to choose R to get a desired region. We can note that
two special cases of R reduces to stability for continuous and discrete time
systems, namely

Rc =

»
0 1
1 0

–

, Rd =

»
−1 0
0 1

–

(19)

where R = Rc is equivalent to all eigenvalues in the left half plane and
R = Rd is equivalent to all eigenvalues in the unit disc. We now present
a theorem for DR-stability given in [38].

Theorem 3. A ∈ R
n×n is DR-stable if and only if there exist a matrix

P = P T > 0 ∈ R
n×n such that

R11 ⊗ P + R12 ⊗ (PA) + RT
12 ⊗ (AT P ) + R22 ⊗ (AT PA) < 0. (20)

where ⊗ denotes the Kronecker product.

Since many system properties such as step response rise time can be
directly connected to the location on the eigenvalues of the closed loop
system, this can be a useful test to verify certain performance criteria.

1A continuous time system ẋ(t) = Ax(t), with x ∈ R
n is exponentially stable iff there

exists a matrix P = P T > 0 ∈ R
n×n such that (14) holds.

2For convenience we assume continuous time but the results apply for discrete time as well.
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2.2 Quadratic stability

For an uncertain time-varying system with x(t) ∈ R
n and θ(t) ∈ Θ where

Θ is a compact set of dimension N , i.e.

ẋ = A(θ(t))x(t) (21)

quadratic stability is equivalent to the existence of a P = P T ∈ R
n×n

such that V (x) = xT Px > 0 and

V̇ (x) = xT (A(θ(t))T P + PA(θ(t))x < 0 ⇐⇒ (22)

A(θ(t))T P + PA(θ(t)) < 0 ∀ θ ∈ Θ, t ∈ R (23)

Quadratic stability allows the uncertain parameters θ to vary arbitrarily
fast, which for most applications can be very conservative. For systems
that depend on θ in an affine way and the θ vary within a hypercube,
it is sufficient to only verify the inequality (22) at the vertices of the
hypercube. As an example, for polytopic systems (31) the inequality (22)
reduces to [2]

P = P T > 0 (24a)

AT
i P + PAi < 0, ∀ i = 1, . . . , 2N (24b)

where N denotes the number of vertices of the hypercube Θ.

Complexity

Quadratic stability is a computationally easy test since it only requires
one Lyapunov matrix and hence only n(n + 1)/2 variables and 2N + 1
inequalities. However, this is often a very conservative test since the
uncertain parameters are allowed to vary arbitrarily fast.

2.3 Affine parameter dependence

In this section, the uncertain model under consideration is

ẋ(t) = A(θ)x(t) (25a)

where x ∈ R
n, and θ ∈ R

N . The state matrix A(θ) depends affinely on
the parameters θ. That is

A(θ) = A0 + θ1A1 + · · · + θNAN (25b)

where A0, A1,. . . , AN are known fixed matrices. It is also assumed that
lower and upper bounds are available for the values of θi and that the rate
of variation is well defined and bounded within known intervals. That is

θi ∈ [θi, θi] (26a)

θ̇i ∈ [νi, νi] (26b)

Let

V = {(ω1, . . . , ωN ) : ωi ∈ {θi, θi}} (27a)

R = {(τ1, . . . , τN ) : τi ∈ {νi, νi}} (27b)

denote the set of 2N vertices for the hypercube of the allowed values for
θ and θ̇ respectively. This model is considered in [19] which is one of the
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first papers giving computable LMI conditions for stability of uncertain
systems with bounded rates of variation on the parameters.

The idea is to assume that there exists an affine parameter dependent
Lyapunov function

V (x, θ) = xT P (θ)x (28a)

P (θ) = P0 + θ1P1 + · · · + PNθN (28b)

where we assume Pi = P T
i ∈ Rn×n ∀ i = 0, . . . , N . The system (25) is

then stable if, for all values of θ we have

P (θ) > 0 (29a)

Ṗ = L(θ, θ̇) := A(θ)T P (θ) + P (θ)A(θ) + P (θ̇) − P0 < 0 (29b)

holds for all admissible combinations of θi and θ̇i. Note that for arbitrarily
fast varying θ (θ̇ ∈ {−∞,∞}) we clearly need to have P (θ) = P0 and this
test reduces to quadratic stability. Compare for example with (24).

This is a linear matrix inequality that should hold for infinitely many
combinations of parameters θ and θ̇. To relax this and get a finite num-
ber of inequalities, multiconvexity is imposed on the derivative of the
Lyapunov function, see Section 2.1.1. This gives us the inequalities

A(ω)T P (ω) + P (ω)A(ω) + P (τ) − P0 < 0 ∀ (ω, τ) ∈ V ×R (30a)

AT
i Pi + PiAi ≥ 0 ∀ i = 1, . . . , N (30b)

where (30b) imposes multiconvexity on the derivative of the Lyapunov
function.

The multiconvexity condition allows us to check the 4N (2N if a time-
invariant system is considered) vertices and an additional N inequalities
for the multiconvexity constraints and N inequalities for Pi > 0 and hence
get a finite dimensional problem.

Complexity

This test has 4N + 2N inequalities (2N + 2N if time-invariant) and n(n +
1)(N + 1)/2 variables which is a lot more variables than needed to test
for quadratic stability.

2.4 Polytopic parameter dependence

In this section, the uncertain model is assumed to be

ẋ(t) = A(α)x(t) (31a)

where x(t) ∈ R
n and the uncertain state matrix A(α) is defined as

A(α) = α1A1 + · · · + αNAN . (31b)

The uncertain parameters αi ∈ R are assumed to be defined in a way
such that

NX

i=1

αi = 1, αi ≥ 0. (31c)

The case where α is assumed to be unknown but constant will be analysed
in Section 2.4.1. To make the system description more general, one could

11



let α be time varying with bounds on the derivatives. This is the case in
Section 2.4.3. More specifically, this leads to an extension of the model to

|α̇i(t)| ≤ ρi, i = 1, . . . , N − 1 (32a)

|α̇N (t)| ≤

˛
˛
˛
˛
˛

N−1X

i=1

α̇i(t)

˛
˛
˛
˛
˛
≤

N−1X

i=1

ρi (32b)

where the last constrain comes from
PN

i=1 α̇i(t) = 0. It should be noted
that this model is more general than the affine model in (25) since the
affine model can only handle parameter hypercubes while the polytopic
model can handle more general uncertainty sets. In fact, if we assume
the parameters vary independently of each other, i.e. the parameters vary
within a hypercube, then every affine model can be represented as a poly-
topic model by letting the Ai matrices in (31) be the resulting A matrices
in (25) when we let θ take every possible combination of maximum and
minimum values. Here we should note that if we have an affine system
with N uncertain parameters, we will get a polytopic system with 2N

matrices, which will affect the computational cost dramatically.

2.4.1 Constant polytopic systems

To verify stability for time-invariant polytopic systems, the methods pro-
posed in the literature assume there exists a Lyapunov function that de-
pends on the parameters in a polytopic way. More specifically, that there
exists a Lyapunov function

V (x, α) = xT (α1P1 + . . . αNPN
| {z }

P (α)

)x (33)

where all Pi = P T
i . Straightforward application of Theorem 1 gives

P (α) > 0 (34a)

A(α)T P (α) + P (α)A(α) < 0 (34b)

which should hold for all possible combinations of α. To get away from
the infinitely many inequalities and get a finite number of inequalities,
there are several methods proposed in the literature.

One idea is to impose multiconvexity (see Section 2.1.1) on the Lya-
punov function, which is done in [1]. The idea is very similar to the
method decsribed in Section 2.3 and is therefore not described further
here.

Another technique is to impose stricter conditions on the terms

AT
j Pj + PjAj < −I, j = 1, . . . , N. (35a)

This relaxes the conditions on the ”mixed” terms and if we add the con-
straints

AT
j Pk + PkAj + AT

k Pj + PjAk <
2

N − 1
, j = 1, . . . , N − 1 (35b)

k = j + 1, . . . , N

then P (α) is a parameter dependent Lyapunov function for the system (31).
For more details, see [41]. We also mention that the discrete time coun-
terpart to the results in [41] can be found in [40].

12



Another option is to use a method that can handle time-varying pa-
rameters with bounded rates of variation and instead use these but for
the special case where the maximum rate of variation is 0. In that case,
it turns out that both the test in [1] and (35) [41] are special cases of the
method described in [33] that will be presented in the next section.

In [21], a different approach was taken using dilated LMIs (see Sec-
tion 2.1.2). Here, a slightly different system was considered, but for sim-
plicity, we state the results for the case where we have the system in (31).
By using dilated LMIs, it is shown that if, for symmetric, positive definite
matrices Pi, i = 1, . . . , N and matrices G and H satisfying

»
GAi + AT

i G Pi − G + AT
i HT

Pi − GT + HAi −H − HT

–

< 0, i = 1, . . . , N (36)

then the system is stable. This condition turns out to be a special case of
the result found in [38] (see Section 2.1.3). A similar result is also found
in [12].

Complexity

We note that the test presented in [1] has 2N + N(N − 1)/2 LMIs and
Nn(n + 1)/2 + N scalar variables while the test proposed in [41] has
nN(N + 1)/2 + N LMIs and Nn(n + 1)/2 scalar variables.

2.4.2 D-stability

For time-invariant uncertain systems where the A-matrix is varying within
a polytope, D-stability means that for all possible combinations of param-
eters, the A-matrix has its eigenvalues in the region D. If A is varying
within a polytope, the LMI (20) has to hold for the infinitely many possi-
ble A in the polytope. To get a tractable test, this needs to be relaxed, for
example by doing as in [38], and use dilated matrices, where the dilated
matrices are assumed to be constant and not parameter dependent, much
like [9] does for the discrete time stability condition. In fact, the condition
in [9] is actually a special case of the result in [38] when R = Rd in (19)
and one of the dilated matrices set to 0. Also, the result [21] is a special
case with R = Rc in (19) and one of the dilated matrices set to 0. In [38],
the special cases of robust stability is compared to quadratic stability and
the results in [16, 19] (continuous time) and the results in [9] (discrete
time). The result is that the test presented in [38] performs better than
all the other tests, but to a slight increase in computational complexity.
One should also note that the condition for robust stability of uncertain
continuous systems in [38] is a special case of the conditions presented
in [20].

In [31], both the idea of introducing dilated matrices as well as in-
troducing extra LMI constraints has been investigated. The result is a
test for robust DR-stability that encompasses the result in [38] for DR-
stability as well as the results in [40] and [41] when considering robust
stability. However, the increase in computational complexity is quite dra-
matic. It should also be mentioned that [38] performs very well when the
number of polytopes is small (typically N = 2), but when the number of
uncertainties grow, the performance is getting worse, something that is
not observed in the tests developed in [40, 41]. Similar observations are
made in the numerical comparison in [10].
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2.4.3 Time-varying polytopic systems

For polytopic uncertain time-varying systems as described by (31) to-
gether with (32), the methods found in literature mainly uses one of the
two methods in Section 2.1.

Multiconvexity approach

The multiconvexity approach is used in [33], and basically follows the
same approach as [19] does for affine systems as described in Section 2.3
and will therefore not be described further. However, some interesting
comparisons are made in the end of the paper that are interesting.

In [33] this method is compared to the methods in [1] and [41] (see
Section 2.4.1). It turns out that both methods are special cases of this
method in the time-invariant systems. The method is also numerically
compared to the method in [19] (see Section 2.3) and it is found that in
the examples of the paper, this method gives better results than the one
in [19].

Dilated LMIs

The use of dilated LMIs is used in, e.g. [20]. Here, the Lyapunov equa-
tion is replaced by an LMI with two extra matrices at each vertex, see
Section 2.1.2 for hints on how it is done in the discrete case. In the time-
invariant case, the result in [21] turns out to be a special case of this
criteria. Also, the special case of robust stability in the paper [38] is a
special case of the criteria given in the paper (which is not mentioned
in [20]).

Higher order Lyapunov functions

To only search for quadratic Lyapunov functions can be inadequate, and
the use of higher order Lyapunov functions can sometimes be necessary
to verify stability or performance, as is done in for example [3]. However,
this class of Lyapunov functions will be surveyed in [8] and will therefore
not be considered in this report.

Complexity

The result in [33] requires N2N−1+N(N−1)2N−2+N LMIs with Nn(n+
1)/2 scalar variables. The result in [20] requires NM + N LMIs and
2Mn2 +Nn(n+1)/2 scalar variables. When comparing these figures, one
should however keep in mind that the LMIs in [20] are larger than the
ones in [33].

2.5 Linear fractional parameter dependence

In this section the uncertain system assumed to be defined as

ẋ(t) = Ax(t) + Bw(t) (37a)

z(t) = Cx(t) + Dw(t) (37b)

w(t) = ∆(t)z(t) (37c)

where x ∈ R
nx , w ∈ R

nw and z ∈ R
nz . we assume that

∆(t) = diag {δ1Ik1
, . . . , δKIkK

} , (38)
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where δi ∈ R. We let the size of ∆ be denoted by N , i.e. N =
PK

i=1 ki. For
time-invariant systems, we have that δi is constant, while for time-varying
systems we assume that δi is time-varying with

|δi(t)| ≤ γi (39a)
˛
˛
˛δ̇i(t)

˛
˛
˛ ≤ ρi. (39b)

This class of systems can be used to model any system ẋ(t) = A(δ)x(t)
where the elements of the vector δ enter the matrix A rationally or poly-
nomially. This uncertainty model is often used in robustness analysis, for
example in µ-analysis [46].

In the entire section, we assume that the system which we consider
will be well posed [46].

2.5.1 Time-invariant systems

In the paper [13], a more general model than the one in (37) is considered,
where we have both input and output signals. The model considered is

ẋ(t) = Ax(t) + B1q(t) + B2w(t) (40a)

z(t) = C1x(t) + D1q(t) + D12w(t) (40b)

p(t) = C2x(t) + D21q(t) + D22w(t) (40c)

q(t) = ∆p(t) (40d)

where ∆ = diag {δ1Ik1
, . . . , δNIkN

} with |δi| ≤ 1. The authors of the
paper use first a version of the dilated matrix approach to get a test
for stability of the system. Then, by using the multiconvexity approach
another test is presented which uses more scalar variables and some more
LMIs to get a less conservative, but more computationally demanding
test. Here we note that the structure of the test very much looks like
the Kalman-Yakubovic-Popov-lemma [42], for which efficient solvers exist
which exploit the structure of the problem [44]. In the paper it is noted
that the last test presented basically coincides with the test in [18], but
derived in a completely different way. It is also shown that the results
in [16] and [19] are special cases of the proposed test (this is also noted
in [18]).

The method derived is also numerically compared to the method in [23]
and, for the system in the paper, the method proposed performs slightly
better. Comparing the computational complexity in [23] and [13], it is
not possible to draw any definite conclusions about which method is more
computationally demanding. This is because, depending on the number of
variables, either one could be to prefer. It is shown that for high dimension
on ∆, the test in [23] has a very high computational burden. However, the
number of variables in the two tests proposed increases exponentially with
N but only polynomially in [23], which indicates that for systems with
many uncertain variables, the latter test might be more computationally
attractive.

2.5.2 D-stability

For LFT-systems, a contribution about D-stability is [37] where a frame-
work for performance of uncertain time-invariant LFT-systems is pre-
sented. Tests for D-stability, H2 and H∞ performance is shown to have
very similar structure. For a description on D-stability, see Section 2.1.3
or [38].
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2.5.3 Time-varying systems

A quite different approach than the ones seen so far in the report is taken
in [23], where the authors first develop stability conditions for implicit
systems. Then, to handle that the uncertain parameters are time-varying
where the rate of variation is bounded, the system (37) is differentiated
and augmented, and an implicit system is (37) together with

ż(t) = CAx(t) + CBw(t) + Dẇ(t) (41a)

ẇ(t) = ∆(t)ż(t) + ∆̇(t)z(t). (41b)

where ż(t) and ẇ(t) are considered to be algebraic variables. Thus, the
results for implicit systems can be used on the augmented system. The
main results depend on the so called quadratic separator Θ [24].

Lemma 3. Let a complex matrix G and a subset of complex matrices K

be given. Suppose K is compact and every element of K has full column
rank. Then the following statements are equivalent:

i) [G K] has full column rank for all K ∈ K;

ii) there exist a Hermitian matrix Θ such that

GT ΘG < 0 KT ΘK ≥ 0, ∀K ∈ K (42)

The matrix Θ is called a quadratic separator since it topologically sep-
arates the range spaces of G and K. It then turns out that an uncertain
implicit system is stable if and only if for each frequency ω there exists a
quadratic separator Θ(ω) that separates the system from the uncertainty
as in Lemma 3. This frequency domain condition is then converted to
an LMI feasibility problem by the use of the Kalman-Yakobuvich-Popov
lemma [42]. It can also be shown that the feasibility of the LMI is equiva-
lent to the existence of a Lyapunov function that depends on the uncertain
parameters in an ”LFT” way. To get a tractable problem, two relaxations
are presented. One is the multiconvexity approach (see Section 2.1.1)
which gives a test that has to be verified for all the vertices of ∆ defined
as in (38). The number of vertices grows exponentially with the num-
ber of parameters in ∆ and hence, this condition cannot be checked in
polynomial time. Another, approach the authors present is the use of the
D-G-scalings [14] from µ-analysis. This is an interesting concept which
leads to two LMIs (however, the LMIs are large) and a condition that
can be checked in polynomial time. This is very interesting and perhaps
similar techniques can be used to relax other very computationally de-
manding tests in order to get computationally tractable tests. It is also
shown that the test with D-G-scalings is always no less conservative than
the test that uses multiconvexity.

The tests are compared to the tests in [19], [15], [39]. It is shown
that the test using D-G-scalings is no more conservative than the results
in [39] and [15], but no such conclusion can be drawn with the test in [19].
However, it should be noted that [19] only considers affine parameter
uncertainties while [23] considers ”LFT”-parametric uncertainty. This
is a more general class of uncertainties and when the uncertainty really
is depending in a fractional way, approximations has to be made to fit
the model into the class of models that is considered in [19]. This can
introduce conservatism in the model which is shown in the conference
paper [22] in a numerical example.

The complexity of the tests are also compared. The results show that
the tests using multiconvexity and the tests in [19] [15] are much more
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computationally demanding than the test using D-G-scalings and the test
in [39]. Finally, we note that the methods developed in [23] rely on the
Kalman-Yakubovich-Popov-lemma for which efficient solvers exist that
exploit the special structure of the problem [44].

Comparison made by Yang and Lum

In the paper by Yang and Lum in [45] several methods for determining
stability of time-invariant systems with affine parameter dependence are
compared. The main result states that, the results in [23] is no more
conservative than the results found in [12], [19], [21] and [38].

3 Using Lyapunov functions for clearance

of flight control laws

This section mentions some of the possible clearance criteria that the
methods mentioned in this report could address. Of the criteria that are
mentioned in [43, 6, 7], the ones that can be addressed are the stability
criteria ([6, Sec. 4.1-4.2], [7, Sec. 4.1.1], [43, Sec. 3.1]) where both nonlinear
and linear criteria can be handled. Also, using the ideas in [5, 38, 37],
criteria that require closed loop eigenvalues to be within specific regions
can be handled.

To clear the comfort and turbulence criteria ([7, Sec. 4.2-4.3], [43,
Sec. 5.1]), the methods proposed in, for example, [34] [35] [11] can be
used, where Lyapunov functions are used, together with some extra con-
straints, to calculate or approximate the H2-norm. We note here that
both the condition proposed in [11] and in [34] have a structure that very
much resemble the LMI from the Kalman-Yakubovic-Popov lemma (10)
for which there exist tailor made solvers [44]

Proposed analysis methodology for the nonlinear

stability criteria

In this section, we will describe a proposed methodology for verifying
the stability of the nonlinear rigid body model by the use of IQC’s. The
reason to choose IQC’s is that IQC’s allows for a general framework where
parametric uncertainty, neglected dynamics as well as nonlinearities can
be treated in the same fashion..

In order to be able to perform the analysis using IQC’s, it is necessary
to have the nonlinear model in LFT form with both the uncertainties and
the nonlinearities in the ”∆”-block. This modeling work will be performed
in work package 1.4 and hence models will be available for analysis.

Analysis cycle: Stability using IQC’s

1. Choose IQC’s for the different uncertainties and, if applicable choose
multipliers for these. Often there is freedom in the choice of the dy-
namics of the IQC’s, but there is still no mathematical guidelines
in how to choose these dynamics [26]. Hence, by choosing the same
dynamics for several IQC’s, we expect to introduce even more struc-
ture in the semi-definite optimization problem and be able to speed
up the computations even more.
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2. Without nonlinearities such as rate limiters and saturations, com-
pute the range of the uncertain parameters for which the model is
stable.

3. Include the nonlinearities such as rate limiters and saturations and
investigate in the model and investigate the stability of the model
with these as well.

The above steps can be used in order to analyze the stability of a
nonlinear rigid body model of an aircraft.
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