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Abstract

This deliverable presents formulations of four criteria relevant to clearance of flight control
laws exploiting mainly Lyapunov-based, and structured singular value-based robustness analy-
sis techniques. Besides well established results relying on quadratic stability, less conservative
conditions utilising recently developed convex relaxations for the solution of nonconvex optimi-
sation problems are also presented. A concise overview of uncertainty models of control systems,
suitable for application of the state-of-the-art techniques for robustness analysis, complements
the deliverable.
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Notation and Symbols

R field of real numbers
C field of complex numbers
∆ uncertainty (block) matrix
B∆ unit ball of perturbations
diag(a) diagonal matrix with elements of vector a on the diagonal
blockdiag(A1, . . . , As) block diagonal matrix with matrices A1, . . . , As on the diagonal
AT transpose of matrix A
A−1 inverse of matrix A
A∗ complex conjugate transpose of matrix A
λi(A) ith eigenvalue of matrix A
σ(A) largest singular value of matrix A
µ∆(A) structured singular value of matrix A
trace[A] trace of matrix A
‖a‖∞ infinity (or maximum) norm of vector a
⊗ kronecker product
Fl(•, •) lower LFT
Fu(•, •) upper LFT
φ roll attitude
δpm lateral side-stick input
ζ damping ratio
Mach Mach number
Cx x-axis aerodynamic coefficient
Cy y-axis aerodynamic coefficient
Cz z-axis aerodynamic coefficient
Cl roll moment aerodynamic coefficient
Cm pitch moment aerodynamic coefficient
Cn yaw moment aerodynamic coefficient
Xcg center of gravity position of the aircraft in the body x-axis
Vcas conventional air speed
V er[Θ] set of all the vertices of polytope Θ
V (x, θ) or V (x) Lyapunov function (candidate)
∂V (x)

∂x
Jacobian matrix of function V

L2(jR) set of square-integrable functions along the imaginary axis
H2 subset of L2(jR) with functions analytic in the right-half plane (Re(s)>0)
∞
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List of Acronyms

A/C Aircraft
CG Center of Gravity
GM Gain Margin
HPD-QLF Homogeneously Parameter Dependent- Quadratic Lyapunov Function
LFR Linear Fractional Representation
LFT Linear Fractional Transformation
LHP Left-Half Plane
LLFT Lower Linear Fractional Transformation
LMI Linear Matrix Inequality
LTI Linear Time-Invariant
LPV Linear Parameter Varying
quasi-LPV quasi-Linear Parameter Varying
ORHP Open Right-Half Plane
PR Positivstellensatz Relaxation
PM Phase Margin
RHP Right-Half Plane
SOS Sum-Of-Squares
ULFT Upper Linear Fractional Transformation
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1 Introduction

It is commonly accepted that a successful application of the tools of control theory to the analysis
of, and control law design for, dynamical systems relies on a suitable mathematical representation
of the behaviour of the system. Such a mathematical representation is known as a mathematical
model. The problem and process of mathematical modelling is typically an interplay between the
fields of mathematics and some disciplines of natural and social sciences. It is also an art of subtle
trading between model tractability and accuracy.

Within the scope of the COFCLUO project, a nonlinear and a linear-integral mathematical model
of the aircraft dynamics have been provided by AIRBUS, France. This document describes how
four criteria relevant to the clearance of flight control laws can be addressed via state-of-the-art
optimisation-based tools applied to the aforementioned models. Selected criteria defined on the
integral model are the aeroelastic stability and the load and comfort response to turbulence, while
the un-piloted aircraft stability and turn coordination are considered for the nonlinear model.

The outline of this deliverable is as follows. Section 2 presents a brief description of the aircraft’s
nonlinear and linear-integral models. In order to account for the dependence of these models on
trimming values, uncertain parameters and large deviations of state variables from equilibrium,
suitable mathematical representations in LPV, quasi-LPV and LFT form are reviewed in Section 3.
Sections 4 and 5 discuss the formulation of the selected flight clearance criteria as optimisation
problems by using standard Lyapunov analysis, µ-analysis and some convex relaxations introduced
in [1]. A summary of the deliverable is presented in Section 6.

2 Review of models

Within the COFCLUO project two different types of aircraft models, namely, an integral model [2]
and a nonlinear model [3], have been developed to serve as platforms for assessment of various
clearance criteria of interest to civil aircraft industry. This section offers a concise overview of these
models.

2.1 Nonlinear model

The closed-loop nonlinear simulation model, provided by AIRBUS, is a custom-built representation
of a benchmark aircraft dynamics, utilising highly flexible Matlab/Simulinkr system modelling and
analysis environment. The model comprises continuous-time aircraft dynamics, discrete-time block-
filter dynamics, a dedicated library for A/C trim and simulation, aero-data interpolation functions,
S-functions and control laws (to cover both normal and peripheral flight envelopes). For more
detailed exposition of the aircraft’s nonlinear dynamics, and some insight into its modelling, the
interested reader is referred to [3]. Some additional insight can also be gained from [4].

2.2 Integral model

The integral model [2] of the open-loop aircraft is given as a collection of linearised models at
selected trim points of the flight envelope. The trim points are characterised by two parameters:
the Mach value (Mach), and the conventional air-speed (Vcas).
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Three Mach values are selected, each of them is matched with three values of Vcas; thus, in
total, nine flight points are considered. Different fuel load configurations of three1 fuel tanks
denote different mass cases, which play the rôle of uncertain parameters, at each flight point.

More precisely, the selected levels of fullness [2, p.20], expressed in percentage, in each of the three
tanks, derive a set of 18 mass cases for each flight point. Thus, the number of flight points, combined
with the number of mass cases for each flight point, provide 162 linearised models representing the
longitudinal dynamics, and an equal number representing the lateral dynamics of the aircraft.
The models’ state-space representations capture not only the rigid body model dynamics, but also
flexible aeroelastic dynamics of the aircraft. The component models, some of them unstable, are
reported to be of significantly high order [4].

3 System representations

Any linear or nonlinear system’s dynamics can be captured through a variety of mathematical
representations which have a control application perspective. In this section, we present some well
known model representation methods which will be used in the subsequent sections as a basis in
the optimisation-based formulations of criteria relevant to the clearance of flight control laws.

3.1 Linear Parameter Varying representation

Linear Parameter Varying (LPV) systems are linear systems whose state-space matrices A, B, C
and D are functions of an exogenous time-varying parameter vector θ(t). Hence, LPV systems can
be described by state-space equations in the following form:

ẋ = A(θ(t))x + B(θ(t))u (1)

y = C(θ(t))x + D(θ(t))u, (2)

where x ∈ R
n, y ∈ R

q and u ∈ R
p are the system’s state, output and input vectors. In many cases,

the parameter vector θ(t) ∈ R
ν is assumed to range in a bounded set Θ ⊆ R

ν described by:

Θ = {θ ∈ R
ν |gi(θ) ≤ 0, i = 1, . . . , k}, (3)

where gi(θ) are polynomial functions of θ, and i = 1, . . . , k. If the functions gi(θ), i = 1, . . . , k, are
linear, the set Θ is a polytope. The rate of variation θ̇(t) can be also assumed to be bounded in a
prespecified compact set, Φ ⊆ R

ν , i.e. θ̇ ∈ Φ. Special cases are those in which Φ = {0} (constant
parameters), or Φ = R

ν (arbitrarily fast time-varying parameters, including switching systems).
LPV models of nonlinear systems are typically approximations and, hence, they are usually

not unique. There are numerous approaches that can be exploited in the derivation of a suitable
LPV model from a given analytical nonlinear system. Popular examples are: construction of LPV
models by the set of linearised models around equilibrium points (also known as Jacobian-based
linearisation) [4]; state transformation, which changes state coordinates to remove nonlinearity in
the system’s dynamics [5], [6], [4].

1The fuel load in a fourth tank, called the Trim Tank (TT), remains constant, at 0 per cent, at all flight points.
Hence, it does not figure out as an uncertain parameter and consequently does not affect the longitudinal and the
lateral integral models’ building process.
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3.2 Quasi-Linear Parameter Varying representation

If the state-space matrices in (1)-(2) show dependence on the states x(t), in addition to some pa-
rameters θ(t), the system is referred to as a quasi-LPV system. Then, the quasi-LPV representation
takes the following form:

ẋ = A(x(t); θ(t))x + B(x(t); θ(t))u (4)

y = C(x(t); θ(t))x + D(x(t); θ(t))u, (5)

where, the vectors x, y and u have the same dimensions and interpretation as defined for the LPV
system (1)-(2).

The parameter vector θ(t) is assumed to belong to the bounded set Θ, where Θ is given by (3).
The domain of validity of the model, which contains the trim point, is defined as:

D = {x ∈ R
n |gi(x) ≤ 0, i = k + 1, . . . , S}, (6)

where gi(x) are polynomial functions of the state, i = k + 1, . . . , S.
Similar to LPV models of a nonlinear system, there are numerous choices for constructing quasi-

LPV models from the nonlinear dynamics of a given system. However, different choices of matrix
A do not yield similar performance levels for the same nonlinear system [7]. In [7], a strategy
for the construction of quasi-LPV models is proposed, which leads to the most suitable choice of
linear state dependent representation for the nonlinear dynamics yielding the best performance; the
measure of the performance is the best achievable L2-gain of the closed-loop nonlinear system. A
different approach to the selection of the least conservative quasi-LPV model of a nonlinear system
is presented in [8]. It is based on the calculation of the smallest ellipsoidal set, for each quasi-LPV
model, such that this ellipsoidal set contains the reachable set of the nonlinear system.

3.3 Linear Fractional Transformations

Linear Fractional Transformations (LFTs), also known as bilinear transformations, are a commonly
used mathematical framework in network and system theory for representing and standardising a
wide variety of feedback arrangements. For example, the components of any control system may
be arranged so as to fit the configuration in Figure 1, where G is the controlled plant, ∆ is the
uncertainty, and K is the controller [9].

Indeed, it is well known that a large class of controller synthesis and analysis problems can be
described in the language of LFTs, and interconnections of LFTs can be represented/reformulated
as yet another LFT. Hence, virtually, any uncertain system or control problem can be cast into
this control framework.

Figure 2 illustrates a feedback interconnection of an internally stabilising controller K, and a
generalised plant P associated with a particular combination of control objectives. The generalised
plant P integrates not only the controlled plant, but also the weighting functions and interconnec-
tions to form the required closed-loop objective transfer function, Tzw, from the exogeneous inputs
w to the desired outputs z. For mathematical convenience, P is usually partitioned as:

P =

[

P11 P12

P21 P22

]
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Figure 1: General LFT framework.
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K
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Figure 2: Synthesis Framework (LLFT).

to conform with the partitioning of the input and output vectors, and maps the vector signals
[

w u
]T

to
[

z y
]T

:
[

z
y

]

= P

[

w
u

]

. (7)

It follows that the closed-loop transfer function matrix from w to z is given by:

Tzw = Fl(P,K) = P11 + P12K(I −P22K)−1P21, (8)

provided that the inverse (I − P22K)−1 exists. In (8) Fl(P,K) denotes the Lower LFT (LLFT)
of matrices P and K. In the case of K = 0, the map Fl(P,K) represents the open-loop plant,
described by P11.

D

Mw z

u y
~ ~

Figure 3: Analysis Framework (ULFT).

Figure 3 shows a feedback interconnection of M and ∆, where M is partitioned as:
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M =

[

M11 M12

M21 M22

]

.

In this case, provided that the inverse (I − M11∆)−1 exists, the relationship between z and w is
given by:

z = Fu(M,∆)w ≡ {M22 + M21∆(I −M11∆)−1M12}w, (9)

where Fu(M,∆) denotes the Upper LFT (ULFT) of matrices M and ∆, and is the transfer function
from w to z. In the robust control literature, it is common to set M = Fl(G,K) as the gener-
alised plant and controller interconnection, while ∆ are rational transfer functions representing the
uncertainty affecting the control system.

In this framework, LLFT Fl(•, •) offers a convenient configuration to facilitate formulation
of different controller synthesis problems, whereas the ULFT Fu(•, •) provides a framework for
integrating the uncertainty blocks into the generalised plant to facilitate assessment of robust
performance characteristics of the closed-loop. For a more detailed account on LFTs the reader is
referred to [10] and [9].

3.4 Linear Fractional Representation

LPV models directly generated from physical models of nonlinear dynamical systems have describ-
ing matrices A(θ), B(θ), C(θ), D(θ) which, often, do not depend rationally on the parameters in
the vector θ. However, utilisation of advanced methods for robustness analyses (e.g. [1]) require
that state-space matrices depend rationally on the parameters in θ. Fortunately, this condition
can be fulfilled with suitable approximations [11] of any nonlinearities by rational functions; then,
the LPV system (and, more generally, also a quasi-LPV system) can be suitably converted into
a fractional representation called Linear Fractional Representation. An LFR realisation, whose
method of computation is not unique, denotes the upper LFT representation in Figure 3, (used for
the analysis of the robustness properties) of the uncertain and parameter dependent augmented
system. The objective in LFR realisation is to compute minimal and accurate M and ∆ such that
equality (9) is satisfied. In [11], several approaches are presented which allow one to represent
as LFRs, systems with both rationally and non-rationally parameter dependent matrices. This,
manually cumbersome task, can be performed by employing the Linear Fractional Representation
Toolbox (LFRT) [12], which presents a collection of techniques to facilitate efficient computer-
aided LFT modelling of dynamical systems with continuous state-space matrices and various types
of uncertain blocks ∆.

4 Formulation of flight clearance criteria for the integral model

In this section, we consider two of the criteria proposed in [13] for the A/C integral model (see
Section 2.2), and detail how these can be formulated by using robustness analysis techniques.
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4.1 Aeroelastic stability

For the assessment of the aeroelastic stability criterion, an uncertain A/C closed-loop model of the
type

{

ẋ(t) = Acl(θ)x(t) + Bcl(θ)u(t)

y(t) = Ccl(θ)x(t) + Dcl(θ)u(t),
(10)

is provided, where θ represents the parametric uncertainty of the model. More specifically, θ is
decomposed as

θ =

[

θT

θU

]

, (11)

where θT = [ Mach Vcas ]T specifies the flight configuration, and θU = [ θCT θOT θPL ]T accounts
for mass uncertainty in the Center Tank (CT), Outer Tank (OT), and PLoad (PL) [13]. The vector
θ is assumed to belong to a bounded set Θ = ΘT ×ΘU , where ΘT and ΘU are the variation domains
of θT and θU , respectively. Given the model (10), the aeroelastic stability criterion requires that
the eigenvalues of the matrix Acl(θ) are asymptotically stable (i.e. lie in the open left-half plane)
for all θ in the specified uncertainty domain Θ.

In the baseline solution, aerolastic stability verification is addressed by gridding the uncertainty
domain, and checking stability at each point in the grid. In particular, the grid of ΘU consists of
18 mass configurations obtained by combining the following conditions:

• Center Tank: 0%, 50% and 100%,

• Outer Tank: 0%, 50% and 100%,

• PLoad: 0% and 100%.

The drawback of the above approach is that the clearance is in fact restricted only to the
considered grid points. Nothing can in principle be assessed for the remaining points in the uncer-
tainty domain. The next subsections will be devoted to describe two techniques that can provide
a clearance certification for the whole uncertainty domain. Section 4.1.1 will be concerned with
Lyapunov-based techniques, while µ-analysis techniques will be addressed in Section 4.1.2.

Remark 4.1 It is worth observing that the computational burden of the techniques described in
Section 4.1.1 increases with the dimension ν of the uncertain parameter vector θ. Notice that
ν = 5 in (11). In order to reduce the computational burden by reducing ν, only a given flight
configuration at a time, specified by the pair (Mach, Vcas), can be considered. This means that
Mach and Vcas enter the model without uncertainty, and can be discarded in the definition of θ.
With these choices, the vector of uncertain parameters turns out to be as follows:

θ = [ θCT θOT θPL ]T , (12)

and hence ν = 3. Furthermore, with θ defined as in (12), the domain Θ of uncertainty is a box
contained in R

3. 2

Remark 4.2 According to [13], in the case of aeroelastic stability the clearance is considered to
be effective if sufficient stability margins are also observed. This requires that the following phase
and gain margins must be satisfied by all open-loop transfer functions obtained by breaking the
loop at each plant input, one at a time:
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i) phase margin (PM): ±90◦,

ii) gain margin (GM): ±6 dB.

The above requirements on the phase and gain margins can be translated in terms of forbidden
regions in the Nyquist plane, possibly at the cost of increased conservativeness. By approximating
these regions by the use of conic functions, it is possible to apply conditions based on the generalised
KYP Lemma [14] in order to certify that a given open-loop transfer function does not violate the
constraints i) and ii). 2

4.1.1 Lyapunov-based analysis

We firstly recall some basic elements of Lyapunov theory. Given the autonomous nonlinear dynam-
ical system

ẋ(t) = f(x(t)), (13)

with x ∈ D ⊆ R
n, D an open set containing the origin, and f(0) = 0, a sufficient condition for the

asymptotical stability of the origin is the existence of a scalar function V (x) of class C1 such that:

i) V (x) ≥ 0 ∀x ∈ D, and V (x) = 0 if and only if x = 0;

ii) V̇ (x) = ∂V (x)
∂x

f(x) < 0 ∀x ∈ D \ {0}.

When the function f(x) in (13) is linear, i.e. f(x) = Ax, the above condition is also necessary,
and V (x) can be searched in the set of quadratic functions of the type V (x) = xT Px, with P = P T

satisfying the Linear Matrix Inequality (LMI) constraints P > 0 and AT P + PA < 0.
If the matrix A is uncertain, there exist different techniques for checking robust stability depend-

ing on the description of the uncertainty used. In view of (10) and Remark 4.1, the case of interest
here is when A = A(θ) and the parameter vector θ belongs to a polytope Θ. In the following the
dependence of A(θ) on θ is further assumed to be either linear or rational.

An overview for the former case is given in [1, Sect. 3]. Here we recall that, when A(θ) is linear
in θ and θ belongs to a polytope, the uncertain matrix A(θ) also belongs to a polytope of matrices
that can be described through its vertices. It is known that, for polytopes of matrices, stability
is equivalent to the existence of an Homogeneous Polynomially Parameter-Dependent Quadratic
Lyapunov Function (HPD-QLF). Hence, robust stability in the considered case can be addressed
by searching for a candidate Lyapunov function which is quadratic in the states and homogeneous
in the uncertain parameters with finite degree [15].

So far the parameter vector θ has been assumed to be uncertain but constant. If θ is time-
varying, i.e. θ = θ(t), with time-derivative θ̇(t) bounded in a polytope Φ, then it is possible to
assess the robust asymptotic stability of the origin for the system

ẋ(t) = A(θ(t))x(t) (14)

under the constraints θ(t) ∈ Θ and θ̇(t) ∈ Φ by verifying the existence of a parameter-dependent
Lyapunov function V (x; θ) of degree 2m in the states and s in the uncertain parameters through
relaxation based on homogeneous polynomial forms [16] or the Positivstellensatz relaxation [1,
Sect. 3.2.2].

Finally, if no bounds on the variation rates of the uncertain parameters are provided, the depen-
dence on θ of the candidate Lyapunov function is useless, and one has to resort to searching for a
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common Lyapunov function of degree 2m in the states. In this case, conservatism can be possibly
reduced by increasing m.

Remark 4.3 In some cases, more stringent stability requirements than asymptotic stability can be
specified. For instance, D-stability requires that the eigenvalues of the matrix A lie in a D-shaped
region contained in the open left-half plane and symmetric with respect to the real axis. Robust
D-stability analysis under polytopic uncertainty has been tackled in [17,18]. 2

Whenever the dependence of the uncertain matrix A(θ) on θ is rational, and the polytopic
uncertainty set Θ contains the origin, A(θ) can be expressed in an equivalent linear fractional
representation as follows:

A(θ) = A0 + BE(θ)(Iν − DE(θ))−1C, (15)

where A0 ∈ R
n×n is Hurwitz (to guarantee nominal stability for θ = 0), B ∈ R

n×ν, C ∈ R
ν×n,

D ∈ R
ν×ν , and E(θ) = diag(θ) ∈ R

ν×ν . Since θ belongs to a polytope, E(θ) also belongs to a
matrix polytope given by E = {E(θ) = diag(θ) | θ ∈ Θ}. The vertices of E are denoted by Ei for
i = 1, . . . , `, where ` is the number of vertices.

It is known [19] that (15) can be interpreted as the closed-loop A-matrix of the fictitious feedback
interconnection of a linear time-invariant system described by the equations:

{

˙̃x(t) = A0 x̃(t) + B ũ(t)

ỹ(t) = C x̃(t) + D ũ(t),
(16)

and the static linear block given by:
ũ(t) = E(θ) ỹ(t). (17)

Notice that this corresponds to an ULFT (9) where M12 = M21 = M22 = 0, M11 is the transfer
function of system (16) and ∆ = E(θ) (in practice, w and z are neglected as the attention is devoted
to robust stability and not to performance).
For the system (16)-(17) with the uncertainty set Θ defined by the box

Θ = {θ ∈ R
ν | ‖θ‖∞ ≤ 1}, (18)

a sufficient condition for the existence of a common quadratic Lyapunov function V (x) = xT Px is
given in [19], and relies on the existence of a symmetric matrix P > 0 and a diagonal matrix Λ ≥ 0
such that the following LMI constraint is satisfied:

[

AT
0 P + PA0 + CTΛC PB + CTΛD

BT P + DTΛC DTΛD − Λ

]

< 0. (19)

In order to derive (19) it is worth observing that the requirement V̇ (x) < 0 for all nonzero trajec-
tories is equivalent to

ξT (AT
0 P + PA0)ξ + 2ξT PBπ < 0 (20)

which has to be satisfied for all nonzero (ξ, π) such that

π2
i ≤ (Ciξ + Diπ)T (Cξ + Diπ), i = 1, . . . , ν, (21)
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where Ci and Di are used to denote the ith rows of C and D respectively. By the S-procedure, a
sufficient condition for (20) under the constraints (21) turns out to be the existence of nonnegative
λ1, . . . , λν such that

ξT (AT
0 P + PA0)ξ + 2ξT PBπ +

ν
∑

i=1

λi((Ciξ + Diπ)T (Cξ + Diπ) − π2
i ) < 0. (22)

Introducing Λ = (λ1, . . . , λν), it can be noticed that (22) is equivalent to (19).
In the case Θ is not described as in (18) but in terms of a general polytopic set containing the origin,
one can apply the approach proposed in [20] to assess robust stability of system (16)-(17). Using
this general representation of the uncertainty set, less conservative conditions for robust stability
can be obtained via the use of candidate Lyapunov functions with dependence on the states of
degree higher than 2 [21], i.e.

V2m(x) = x{m}T Pmx{m}, (23)

with Pm = P T
m > 0 and x{m} a vector containing all monomials of degree m in x.

In order to derive sufficient conditions based on (23), it is worth observing that, by (16)-(17),

ẋ{m} = ∂x{m}

∂x
ẋ = ∂x{m}

∂x
(A0x + BE(θ)η)

= Ax{m} + B(η ⊗ x{m−1})

(24)

where A and B are suitable matrices.
Hence, by (23), it turns out that

V̇2m(x) = x{m}T (A
T
Pm + PmA)x{m} + x{m}T PmB(η ⊗ x{m−1}) + (η ⊗ x{m−1})T B

T
Pmx{m}. (25)

It can be noticed that V̇2m(x) can be rewritten as a quadratic form in the vector

ςm(x; η) =

[

x{m}

η ⊗ x{m−1}

]

. (26)

In order to verify the constraint V̇2m(x) < 0, one can relax the non-negativity condition to a search
of a sum-of-squares representation of −V̇2m(x) [1]. To do this, let us now introduce the set

Nm = {Nm = NT
m : ςT

m(x; η)Nmςm(x; η) = 0 ∀x ∈ R
n ∀η ∈ R

ν}. (27)

This set admits a linear parameterisation Nm(β) that can be computed through standard algorithms
of linear algebra [22].
To derive a stability condition for (16)-(17) it is necessary to introduce the matrices Am(A), Bm(B),
Cm(C) and Dm(D) satisfying ∀x ∈ R

n and ∀η ∈ R
ν

∂x{m}

∂x
Ax = Am(A)x{m}

∂x{m}

∂x
Bη = Bm(B)(η ⊗ x{m−1})

Cx ⊗ x{m−1} = Cm(C)x{m}

Dη ⊗ x{m−1} = Dm(D)(η ⊗ x{m−1}),

(28)
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where Am(A), Bm(B), Cm(C) and Dm(D) are suitable matrices.
By these assumptions the system (16)-(17) is robustly stable over Θ if there exists Pm = P T

m > 0
such that for all E ∈ E there exist Gm,E , Hm,E and βE satisfying:

Rm(Pm, Gm,E ,Hm,E , E) + Nm(βE) < 0 (29)

where
Rm(Pm, Gm,E ,Hm,E , E) = Um(Pm, E) + Vm(Gm,E ,Hm,E , E) (30)

and

Um(Pm, E) =

[

A
T

m(A)Pm + PmAm(A) PmBm(BE)

B
T
m(BE)Pm 0

]

Vm(Gm,E ,Hm,E , E) =

[

C
T
m(C)GT

m,E + Gm,ECm(C) Gm,EDm(DE) − Gm,E + C
T
m(C)HT

m,E

D
T

m(DE)GT
m,E − GT

m,E + Hm,ECm(C) D
T

m(DE)HT
m,E − HT

m,E + Hm,EDm(DE) − Hm,E

]

.

(31)

It is worth observing that, since by (16)-(17) one has that η = Cx + DEη, the condition

ςT
m(x; η)Vm(Gm,E ,Hm,E , E)ςm(x; η) = 0, (32)

is verified ∀Gm,E,∀Hm,E. This implies that Gm,E and Hm,E play the rôle of additional degrees of
freedom that can be exploited in order to enforce (29).
The verification of (29) requires a feasibility test on an infinite number of LMIs, due to the fact
that the matrices Gm,E and Hm,E are allowed to change for different E ∈ E . Being (31) affine in
E, a sufficient condition for robust stability based on a finite number of LMIs can be derived by
choosing the same Gm,E and Hm,E for all the vertices of E . Indeed, it can be stated that the system
(16)-(17) is robustly stable over Θ if there exist P T

m = Pm > 0, Gm, Hm and βi, i = 1, . . . , `, such
that

Rm(Pm, Gm,Hm, Ei) + Nm(βi) < 0, i = 1, . . . , `, (33)

where Ei are the vertices of E . It is worth observing that the condition (33) for m = 1 boils down
to the condition based on quadratic Lyapunov function, worked out in [20].

When bounds on θ̇ are available, it is possible to derive less conservative results by employing
candidate Lyapunov functions which depend also on the uncertain parameters (see again [20] for
the use of linearly parameter-dependent quadratic Lyapunov functions.)

4.1.2 µ-Analysis

µ-analysis was initially introduced in [23] as a tool for the robustness analysis of systems subject
to structured complex uncertainties, and a detailed tutorial introduction to this theory can be
found in [24]. This approach was later extended to the case where there exist both real and
complex perturbations [25]. The general µ-analysis problem is formulated in terms of the ULFT
representation introduced in Section 3.3 (see Figure 3). M is a stable real-valued LTI system
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and ∆ a structured LTI model perturbation, i.e. a square block diagonal matrix containing real
scalars (associated to parametric uncertainties) as well as complex scalars and full complex blocks
(which represent neglected dynamics). Note that in this section, only the special case of parametric
uncertainties will be considered. To comply with this framework, the LPV model (10) describing the
integral model is first transformed into a linear fractional representation using dedicated tools [11,12]
as explained in Section 3.4. A standard interconnection structure M − ∆ similar to the one shown
in Figure 3 is thus obtained. Note that the exogenous inputs w and the output signal z have been
removed, because, here, we focus only on stability. More precisely, the ∆ block associated to the
integral model is composed of the flight parameters θT as well as the mass uncertainties θU . Each
of these parameters is repeated several times, so that:

∆ = blockdiag(Mach · In1
, Vcas · In2

, θCT · In3
, θOT · In4

, θPL · In5
) (34)

where Inj
stands for the nj-by-nj identity matrix and n =

∑

nj is the total size of ∆.
Let us now introduce the structured singular value µ∆ and its connection with the robustness

margin ρmax.

Definition 4.1 (Structured singular value) Let M be a given complex matrix. If no perturbation ∆
makes I−∆M singular, then the structured singular value µ∆(M) is defined as µ∆(M) = 0. Other-
wise, it is defined as the inverse of the size of the smallest perturbation ∆ satisfying
det(I − ∆M) = 0:

µ∆(M) =
1

inf{ρ > 0 | ∃∆ ∈ ρB∆ s.t. det(I − ∆M) = 0}
(35)

where ρB∆ represents the set of perturbations (∆) with the admissible structure defined by (34)
and σ(∆) < ρ, ρ > 0.

Definition 4.2 (Robustness margin) Assume that M denotes the value M(jω) of the transfer
matrix M(s) at s = jω. The robustness margin ρmax is obtained as the inverse of the largest
structured singular value µ∆(M(jω)) over the frequency range:

ρmax =
1

inf
ω≥0

µ∆(M(jω))
. (36)

The robust stability of the closed loop plant is thus guaranteed for all uncertainties ∆ ∈ ρmaxB∆.

The exact computation of µ∆(M(jω)) at a given frequency ω is NP hard [26], but several
polynomial-time algorithms now exist to compute reliable upper and lower bounds. This makes it
possible to compute a guaranteed value of the robustness margin by computing an upper bound of
the structured singular value as a function of the frequency. The resulting margin is pessimistic,
since only an upper bound of µ∆ is computed. Nevertheless, conservatism usually remains reason-
able in practice and can be estimated by computing a µ∆ lower bound [27,28].

The following proposition now introduces the classical mixed-µ upper bound of [29]. It consists
in optimising at each frequency some scaling matrices D(ω) ∈ D and G(ω) ∈ G whose structures
fit the one of ∆:

D = {D = blockdiag(D1, . . . ,D5) with Dj = D∗
j > 0,Dj ∈ Cnj×nj} (37)

G = {G = blockdiag(G1, . . . , G5) with Gj = G∗
j ∈ Cnj×nj} (38)
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Proposition 4.1 Assume that M is asymptotically stable. Let β be a positive scalar. If there exist
frequency dependent scaling matrices D(ω) ∈ D and G(ω) ∈ G, whose structures fit the one of ∆,
such that ∀ω ≥ 0 :

M∗(jω)D(ω)M(jω) + j(G(ω)M(jω) − M∗(jω)G(ω)) ≤ β2D(ω) (39)

then µ∆(M(jω)) ≤ β , ∀ω ≥ 0.

This is a generalised eigenvalue problem: the issue is to minimize the value of β under the con-
straints (39) with respect to the frequency dependent scaling matrices D(ω) and G(ω). Let β∗

be the minimum value. The interconnection M − ∆ remains stable ∀∆ ∈ 1
β∗ B∆ and thus 1

β∗

is a guaranteed robustness margin. Nevertheless, there are both an infinite number of frequency
dependent constraints and an infinite number of optimisation parameters, which prevents the direct
use of an LMI solver.

A standard technique consists in solving the optimisation problem of Proposition 4.1 on a fre-
quency gridding. However, this technique is unreliable in the case of narrow and high peaks on the
µ-plot (which is often the case for flexible systems, and notably for the integral model described
in Section 2.2), since it becomes possible to miss a critical frequency if the gridding is not fine
enough, and thus to over-evaluate the robustness margin. An alternative approach has recently
been proposed by ONERA to overcome this problem: a µ-frequency sweeping technique [30–32]
has been introduced, which allows to compute a guaranteed value of the robustness margin without
using a frequency gridding.

This technique will be further investigated within the COFCLUO project to compute reliable
aeroelastic stability margins whatever the aircraft configuration in the flight envelope and the mass
distribution.

4.2 Loads and comfort in response to turbulence

In the analysis of load response to turbulence, it is required that the variance of the load output
is bounded by a given maximum value when the wind input has a turbulence profile generated by
filtering a white noise signal. The bound must be respected for all variations of the uncertain
parameters, at all flight points. The same applies in the analysis of comfort with respect to
turbulence. In this case, the evaluated outputs are specific filtered accelerations.

For the assessment of the aforementioned criteria, it is assumed that an uncertain strictly proper
A/C closed-loop model of the type

{

ẋ(t) = Acl(θ)x(t) + Bcl(θ)w(t)

z(t) = Ccl(θ)x(t)
(40)

is provided, where w is the wind input and z denotes the outputs specific of the considered criterion.
In (40), the uncertain parameter vector θ ∈ Θ ⊆ R

ν has the same interpretation as in Section 4.1
(see also [13]). Moreover, it is assumed that the closed-loop system (40) is stable for all θ ∈ Θ.
The idea is that, since the variance of the output of a stable linear system excited by white noise
is equal to the square of the H2-norm of its transfer function, the load and comfort criteria can be
assessed by reformulating the problem as a robust H2-analysis problem.

Let us first consider the computation of the H2-norm of a system with no uncertainty. Let Θ
be a singleton, so that it is possible to drop the dependence on θ in (40), and denote by

Tzw(s) = Ccl(sI − Acl)
−1Bcl (41)
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the transfer function matrix of system (40) from input w to output z. The H2-norm of (41) is then
given by

‖Tzw‖2 =

(

1

2π

∫ +∞

−∞
trace

[

Tzw(ω)∗Tzw(ω)
]

dω

)

1

2

, (42)

provided that Tzw(s) has no poles on the ω-axis. If the system (40) is stable, so that all the poles
of Tzw(s) lie in the open left-half plane, it is possible to apply the Parseval’s formula, thus obtaining
an alternative expression for (42):

‖Tzw‖2 =

(
∫ +∞

0
trace

[

BT
cl eAT

cl
t CT

cl Ccl e
Aclt Bcl

]

dt

)

1

2

=
(

trace
[

BT
cl Wo Bcl

])

1

2 , (43)

where Wo =
∫ +∞
0 trace

[

eAT
cl

t CT
cl Ccl e

Aclt
]

dt is the observability Gramian of system (40). Wo is a
symmetric and positive semi-definite matrix satisfying the Lyapunov equation:

AT
cl Wo + WoAcl + CT

clCcl = 0. (44)

Since Acl is Hurwitz, Wo is the unique solution of (44). If the pair (Acl, Ccl) is observable, Wo is also
positive definite. By duality arguments, another alternative expression for (42) can be obtained as
follows:

‖Tzw‖2 =

(
∫ +∞

0
trace

[

Ccl e
Aclt Bcl B

T
cl eAT

cl
t BT

cl

]

dt

)

1

2

=
(

trace
[

Ccl Wc CT
cl

])

1

2 , (45)

where Wc =
∫ +∞
0 trace

[

eAclt Bcl B
T
cl e

AT
cl

t
]

dt is the controllability Gramian of system (40). Wc is a
symmetric and positive semi-definite matrix satisfying the Lyapunov equation:

Acl Wc + WcAcl + BclB
T
cl = 0. (46)

Again, since Acl is Hurwitz, Wc is the unique solution of (46). If the pair (Acl, Bcl) is controllable,
Wc is positive definite.

Equations (43) and (45) provide ways to compute (42) for a stable system, via the solution of the
Lyapunov equations (44) and (46). Another option is to formulate suitable optimisation problems
based on LMI constraints derived from (43)-(44) or (45)-(46).

Theorem 4.1 Let γ ≥ 0 and assume the matrix Acl is Hurwitz and the pair (Acl, Ccl) is observable.
Then, ‖Tzw‖2 ≤ γ if and only if there exist W = W T > 0 and X = XT ≥ 0 such that:

trace[X] ≤ γ2 (47)

BT
cl WBcl − X ≤ 0 (48)

AT
cl W + WAcl + CT

clCcl ≤ 0. (49)

Based on Theorem 4.1, the computation of the H2-norm of Tzw can be tackled by minimising γ
over the variables γ, W and X, subject to γ ≥ 0, W = W T > 0, X = XT ≥ 0 and (47)-(49). By
comparing (44) and (49), it follows that, at the optimum, the variable W must take the value Wo.

By duality, the following result also holds.
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Theorem 4.2 Let γ ≥ 0 and assume the matrix Acl is Hurwitz and the pair (Acl, Bcl) is con-
trollable. Then, ‖Tzw‖2 ≤ γ if and only if there exist W = W T > 0 and X = XT ≥ 0 such
that:

trace[X] ≤ γ2 (50)

Ccl WCT
cl − W ≤ 0 (51)

Acl W + WAT
cl + BclB

T
cl ≤ 0. (52)

Based on Theorem 4.2, the computation of the H2-norm of Tzw can be tackled by minimising
γ over the variables γ, W and X, subject to γ ≥ 0, W = W T > 0, X = XT ≥ 0 and (50)-(52).
By comparing (46) and (52), it follows that, at the optimum, the variable W must take the value
Wc. Notice that the LMI (52) is related to the estimation of the set of reachable states under
unit-energy inputs [19].

To address the case of uncertain system matrices, let us consider uncertainty described by matrix
polytopes of the type:

S =

{

[

Acl(α) Bcl(α)
Ccl(α) 0

]

=
L

∑

i=1

αi

[

Acl,i Bcl,i

Ccl,i 0

]

| α = (α1, . . . , αL) ∈ ∆L

}

, (53)

where ∆L is the unit simplex given by:

∆L =

{

α = (α1, . . . , αL) :

L
∑

i=1

αi = 1, αi ≥ 0, ‖ i = 1, . . . , L

}

. (54)

Notice that the coefficients α in (53) may not correspond to the uncertain parameters θ of (40). For
instance, if the parameter domain Θ is a polytope and the dependence on θ of the matrices Acl(θ),
Bcl(θ) and Ccl(θ) is linear, it turns out that the triple (Acl(θ), Bcl(θ), Ccl(θ)) belongs to a matrix
polytope of which (53) represents an alternative representation in terms of its vertices. Sufficient
conditions guaranteeing ‖Tzw‖2 ≤ γ for all uncertain systems in S can be straightforwardly derived
from Theorems 4.1 and 4.2 by requiring that (48)-(49) and (51)-(52), respectively, are satisfied at
all the vertices of the matrix polytope S. Less conservative results can be obtained by allowing
for parameter-dependent matrices W (α) and X(α). For instance, the following result generalises
Theorem 4.1 (see [33]).

Theorem 4.3 Let γ ≥ 0 and assume the matrix Acl(α) is Hurwitz and the pair (Acl(α), Ccl(α)) is
observable for all α ∈ ∆L. Then, the inequality ‖Tzw‖2 ≤ γ holds for all α ∈ ∆L if and only if there
exist a symmetric positive definite parameter-dependent matrix W (α) and a symmetric positive
semi-definite matrix X(α) such that, for all α ∈ ∆L:

trace[X(α)] ≤ γ2 (55)

Bcl(α)T W (α)Bcl(α) − X(α) ≤ 0 (56)

Acl(α)T W (α) + W (α)Acl(α) + Ccl(α)T Ccl(α) ≤ 0. (57)

Conditions (55)-(57) of Theorem 4.3 are parameter-dependent LMIs. An LMI relaxation for (55)-
(57), where W (α) is constrained to be a polynomial of arbitrary degree on α, is given in [33].
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5 Formulation of flight clearance criteria for the nonlinear model

In this section, we consider two of the criteria proposed in [34] for the nonlinear A/C model, and
detail how these can be formulated as convex optimisation problems by using Lyapunov-based
robustness analysis techniques.

5.1 Un-piloted aircraft stability

Given a suitable (quasi-)LPV or LFT representation of the nonlinear closed-loop aircraft dynamics,
firstly we aim to verify that for any trimmed point in the normal flight domain [34], and without
pilot inputs, i.e. manually unforced system (u = 0), the A/C remains stable in the presence of
variations in the position2 of the center of gravity (Xcg).

Stability of the A/C in the presence of center of gravity parametric uncertainty can be as-
sessed through classical and widely applicable approaches, namely by evaluating the location of the
eigenvalues (λi) of the closed-loop system. These must satisfy one of the following conditions:

• be in the open LHP, so Re(λi) < 0, or

• be in the “extended” LHP- where the imaginary axis is shifted to the right by ln 2
6 , hence

Re(λi) < ln 2
6 .

The second formulation derives from the tolerable existence of slowly divergent modes, due to the
pilot-in-the-loop control of the A/C.

In addition to the assessment of robust stability, we can also attempt to estimate the robust
regions of attraction (with respect to uncertainty in the position of center of gravity Xcg) for the
controlled closed-loop aircraft, e.g., by exploiting the convex relaxation proposed in [1, Section 4.2].

Remark 5.1 In view of the computational complexity in terms of the polynomial state and uncer-
tain parameter vector fields, it might be useful to consider stability (and stability regions estimate)
for longitudinal (short period and long period -phugoid- dynamics) and lateral dynamics of the
closed loop aircraft, separately.

Consider an LPV model representation of the closed-loop A/C dynamics to be given as in (1)-(2).
Only one specific flight configuration at a time, described by the flight parameters defining the
normal flight envelope in [34, pp.9-10], will be considered. The position of the center of gravity,
described in terms of a percentage of the aerodynamic mean chord (c̄), is a function of the weight
-more precisely, of the fuel consumption. Hence, at every flight point within the normal flight
envelope, the uncertain parameter vector is defined as θ = [θcg θW ]T , where θcg and θW denote the
uncertainty in the position of center of gravity and the uncertainty in the A/C weight, respectively.
Therefore, the domain of uncertainty Θ forms a polytope in R

2. The allowable ranges constitute a
6 sided convex polygon illustrated in Figure 5 in [34].

Remark 5.2 The uncertain parameter vector θ can be further expanded, so that it includes not
only the (actual) CG value of the open-loop A/C, but also the (estimated) value of the CG that
enters the flight control law. This is necessary whenever one wants to allow for independent
uncertainty on both values. 2

2For a symmetric A/C, the center of gravity position, is a dominant parameter affecting the dynamic characteristics
of the longitudinal axis, because it directly influences the stability; much less for the lateral axis [35, pp.18-19].
Moreover, it can be treated as a slowly varying uncertain parameter.
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The stability problem, naturally draws attention to the matrix A(θ), and the type of its dependence
on the parameter θ. We will assume that the matrix A is either affine in θ, or shows rational
dependence on θ. Let A(θ) depend rationally on the uncertain parameter, this allows the system
to be expressed in terms of an LFR as in (15).

We can tackle the stability problem in two ways:

i) Approximate the polytope Θ in [34, Figure 5] by the smallest box which will contain the polytope,
i.e., {θ ∈ R

2 | 0.15c ≤ θcg ≤ 0.41c, 120 ≤ θW ≤ 233},

ii) Consider a polytope Θ as depicted in [34, Figure 5].

The approach in (i), where Θ is defined as in (18), is conservative as it will include regions (out
of practical interest) to which clearance procedures do not need to be applied. In this case, as given
in [19], one can search for a common quadratic Lyapunov function V (x) = xT Px whose existence
depends on the existence of a symmetric and positive definite matrix P = P T > 0, and a diagonal
matrix Λ ≥ 0, which satisfy the LMI constraint in (19).

In the case of (ii), which is a less conservative approach, sufficient conditions for robust stability
can be derived by employing the convex relaxations (33) in Section 4.1.1, which enables one to
arrive at a finite number of LMIs equal to the number of vertices of the polytope of matrices to
which A(θ) belongs.

Due to the pilot-in-the-loop control of the A/C, stability requirements can be relaxed to the
existence of slowly divergent modes. In this case, and without loss of generality, the sufficient
conditions for stability expressed in (19) and (33), for approaches in (i) and (ii) respectively, continue
to hold, but for uncertain matrix Ã(θ) = A(θ) − ( ln 2

6 ) · I.
Let us now assume that the A/C closed-loop model is formulated as a quasi-LPV representation

(4)-(5). Because the system is unforced (u= 0) one can consider the model

ẋ = A(x; θ)x, (58)

where it is assumed that the dependence of A on θ is linear. And since θ belongs to a polytope Θ,
then A can be expressed through the vertices of a polytope of matrices. We would like to find a
polynomial Lyapunov function V (x) so that the following sufficient conditions are fulfilled:

{

1)V (x) > 0,

2)V̇ (x, θ) < 0.
(59)

One can relax those positivity constraints to SOS constraints and obtain the following:

{

1)V (x) is SOS,

2) − ∂V
∂x

A(x; θ)x is SOS.
(60)

The uncertain matrix A(θ) being linear in θ, constraint 2) in (60) can be formulated in terms of a
number of LMIs equal to the number of vertices of Θ, i.e.,

−
∂V

∂x
A(x; θi) is SOS ∀θi ∈ V er[Θ].

In the case when the bounds on the variation rate of θ are known, and the dependence of A on
both x and θ is polynomial, one can search for a parameter-dependent Lyapunov function V (x; θ)
and formulate the sufficient conditions for the robust stability of the system in (58) by using the
Positivstellensatz Relaxation (PRs) outlined in Section 3.2.2 of [1].
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5.2 Turn coordination

According to [34, Sect. 4.3], the turn coordination criterion for the nonlinear A/C model can
be formulated in terms of robust input-output performance. For example, we can consider the
quasi-LPV model structure (4)-(5) for the closed-loop nonlinear model, where:

• u is the lateral side stick input (δpm);

• y is the sideslip angle (β);

• x is the state vector of the closed-loop system, with x1 denoting the bank angle (φ);

• θ = [Cx, Cy, Cz, Cl, Cm, Cn]T is the vector of uncertain parameters, including the aerodynamic
coefficients (trim values could be also included: for easiness of notation here we address the
problem for a fixed trim point, as required in [34]).

Assume for simplicity D(x; θ) = 0 and let the sets Θ and D in (3) and (6) be given respectively by

Θ = {θ ∈ R
6 | 0.9θo

i ≤ θi ≤ 1.1θo
i , i = 1, . . . , 6},

where θo
i is the nominal value of θi, and

D = {x ∈ R
n | |x1| < 33◦}.

Then the turn coordination criterion is cleared if for any constant input u such that |u| ≤ ū = 16◦,
the corresponding output satisfies |y| ≤ ȳ = 1◦ (i.e., if the `1 gain of the system does not exceed
1/16).

In the following we show how the criterion described above can be addressed by using Lyapunov-
based robustness analysis tools. This is done by suitably bounding the state trajectory (more
specifically the deviations of the state variables from their respective trim values) under the influence
of a peak-bounded disturbance (the lateral stick input) and under the variation of the uncertain
parameters. The objective is to find a positive definite Lyapunov function V (x) such that the set
Ω1 := {x ∈ R

n|V (x) ≤ 1} satisfies the following properties:

i) V̇ ≤ 0 for all x ∈ Ω1, for all u such that |u| ≤ ū and for all θ ∈ Θ;

ii) Ω1 ⊆ D;

iii) Ω1 ⊆ {x ∈ R
n| |C(x; θ)x| ≤ ȳ for all θ ∈ Θ}.

Condition i) states that Ω1 is a (robustly) invariant set under the action of the admissible input
u; condition ii) imposes that the state constraints are satisfied; condition iii) guarantees that the
maximum admissible value of the output y will not be exceeded whenever the state remains within
Ω1.

In [1] it has been shown that, if the quasi-LPV system matrices A(x; θ), B(x; θ), C(x; θ) are
polynomials in both x and θ, it is possible to tackle the above Lyapunov analysis by using convex
relaxations based on sum-of-squares representation of positive polynomials similar to that proposed
in [36]. For example, let us consider condition i) and rewrite it as

{x ∈ R
n| V (x) = 1} ∩ {u ∈ R| u2 ≤ ū2} ⊆

⊆

{

x ∈ R
n, u ∈ R

∣

∣

∣

∣

∂V

∂x
(A(x; θ)x + B(x; θ)u) ≤ 0 for all θ ∈ Θ

}

(61)
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which can be rewritten in set emptiness form as























x ∈ R
n,

u ∈ R

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

V (x) − 1 = 0, ū2 − u2 ≥ 0,

∂V

∂x
(A(x; θ)x + B(x; θ)u) ≥ 0 for all θ ∈ Θ,

∂V

∂x
(A(x; θ)x + B(x; θ)u) 6= 0 for all θ ∈ Θ























= ∅. (62)

Then, it is possible to use a fundamental theorem of algebraic geometry, known as Positivstellensatz,
to formulate the set emptiness condition (62) in terms of a SOS constraint on a suitable polynomial
form. Namely, a sufficient condition for (62) to hold is that there exist SOS polynomials si(x; θ),
i = 1, . . . , 8 and a polynomial q(x; θ) such that,

−s1(x; θ)(ū2 − u2) − s2(x; θ)
∂V

∂x
(A(x; θ)x + B(x; θ)u)

−q(x; θ)(V (x) − 1) +

6
∑

i=1

si+2(x; θ)(θi − 0.9θo
i )(θi − 1.1θo

i ) − 1 is SOS. (63)

Less conservative sufficient conditions can, of course, be devised at the price of introducing more
involved SOS constraints, e.g. see [1]. A similar procedure can be adopted for the conditions ii)
and iii) above. Once all the conditions have been written in terms of SOS constraints, they can
be solved by using suitable convex optimisation techniques (see [1] for details). When the SOS
variables do not enter linearly in the SOS constraint, like in (63) which is bilinear in the multipliers
si(x; θ), q(x; θ) and the sought Lyapunov function V (x), the problem can be tackled by searching
iteratively over the multiplier polynomials (for a fixed V ) and over the Lyapunov function (for fixed
multipliers) [36].

6 Summary

Various optimisation-based methods, which address problems relevant to clearance of flight control
laws for military aircrafts, have been documented and appear in the public domain [37], [38].
However, it has been only recently that this area of research has gained interest in the civil aerospace
community.

Dependent upon the structure of the model and the way uncertain parameters enter the system
equations, sufficient conditions for the robust clearance of four criteria, have been formulated using
Lyapunov-based and µ-based analysis techniques. Lyapunov-based approach to robustness analysis
of clearance criteria has utilised not only the well established quadratic stability results, but also,
some recently developed convex relaxations which offer less conservative results.

These methods are generally computationally demanding, and it is anticipated that the compu-
tational complexity, described in terms of the number of decision variables and the size of linear ma-
trix inequalities, will inflate exponentially with the size of uncertainty and the degree of relaxation
approach. This will inevitably lead to trading-off between accuracy of the result, conservativeness
and the feasibility of the formulations. Once physically meaningful LPV, LFT/LFR representations
of the A/C become available, these issues will be investigated and addressed by means of suitable
(re)formulations of the criteria and software implementations of the optimisation techniques.
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