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Abstract

This report presents five different methodologies which have been used for the clearance of

flight control laws. The methodologies are the following: use of the generalised stability margin and

the ν-gap metric, Lyapunov function analysis using quadratic and polynomial Lyapunov functions,

use of optimisation methods, use of the bifurcation and continuation method and the use of the

structured singular value (µ-analysis). All proposed methods have advantages and disadvantages when

compared to the existing industrial clearance methodologyand it is expected that a desirable clearance

methodology will consist of the beneficial parts of each of the five methodologies. The objective is to

propose a new clearance methodology which will be more reliable than the existing procedure and more

efficient in terms of computation complexity and time. Reliability in the presence of computational

and time constraints is the crucial factor of a successful clearance procedure since it allows the safe

certification of a new aircraft without incurring substantial costs due to time delays and additional

computational resources.

The clearance procedure using the generalised stability margin and theν-gap metric is based on

linear robust control theory and it requires linearised models of the aircraft and the controller for the

analysis. It can easily address the linear stability margincriteria expressed by the Nichols exclusion

regions and it can assess the effect of any number of uncertain parameters on these stability margins.

It has the capability to estimate the worst-case parameter combination using a numerically efficient

algorithm whose complexity scales with the number of uncertain parameters. It’s disadvantage is that it

is not easy to formulate nonlinear handling criteria or time-domain criteria and the fact that it requires

some deep understanding of advanced control theory and linear algebra in its application.

The use of Lyapunov functions for flight control clearance isbased on nonlinear robust control

theory and as such it can assess the robustness of nonlinear aircraft and controller models with respect

to constant or time-varying parametric uncertainty. The robustness problems are usually formulated as

optimisation problems involving linear matrix inequalities whose complexity increases substantially

with the number of uncertain parameters and the state dimension of the closed-loop system. The

disadvantages are that the linear stability margin criteria are not addressed easily and the fact that

there is no systematic way of estimating the worst-case parameter combination that will violate a

given performance criterion.

The use of optimisation methods is possibly the most well-suited methodology in terms of being

able to address both linear and nonlinear clearance criteria and also of being able to work with

both linear and nonlinear models. Both local and global optimisation algorithms can be applied.

The optimisation algorithm can estimate the worst-case parameter combination that will violate a

given clearance criterion. The disadvantages are the increased time and effort required in tuning the



optimisation algorithm and the lack of guarantees for the optimality of the resulting solutions.

Another methodology which can address nonlinear criteria and can be naturally applied to nonlinear

aircraft models is the bifurcation and continuation method. The methodology can investigate the

presence of unstable equilibria points and it can assess theeffect of uncertain parameters on the

stability of the trim points. It can also provide an estimateof the worst-case parameter combination

although there is no guarantee to be the true one. It requiressome effort in its implementation in

terms of learning to use the continuation algorithm for calculating the trim solutions of the nonlinear

system.

Finally, the clearance method based on the structured singular value is again a technique based

on linear robust control theory. It can address easily the linear stability margin criteria expressed with

Nichols exclusion regions and it can estimate the worst-case parameter combination. The technique

requires the model to be expressed in a Linear Fractional Transformation (LFT) form in order for

the analysis to be applied. Several methods have been proposed in the literature that automate the

production of LFT models for uncertain and/or nonlinear closed-loop systems. The disadvantage of

the method is the bad numerical properties of the lower boundcalculation of the structured singular

value for purely real parametric uncertainty although there have been various alternatives proposed in

the literature to account for this problem.

The clearance of a civil aircraft requires the investigation of both linear and nonlinear criteria over

the whole of the flight envelope and in the presence of uncertainty resulting from variations in the mass

and centre-of-gravity position, from variability in the aerodynamic characteristics and in the presence

of nonlinearities due to saturations and rate limitations of the actuators and due to nonlinear control

functions such as switching logic and protection schemes. The linear criteria correspond to stability

margin criteria which are expressed as Nichols exclusion regions for the various channels of the closed-

loop system and also correspond to flying qualities which areexpressed as desired damping factors and

natural frequencies for the controlled modes of the aircraft. The nonlinear criteria mainly correspond

to handling and flying qualities and are expressed as desiredtime responses for various maneuvers of

the controlled aircraft. Other criteria such as ride comfort and loads response to turbulence are also

expressed using linear criteria. Due to the large size of civil aircraft, the effect of structural modes

is also significant and needs to be investigated in the clearance procedure. This is accounted for in

the linear stability margins and in the load and ride comfortresponse of the aircraft in the presence

of turbulence. Overall, the clearance procedure of a civil aircraft is a challenging task both from

a modelling and an analysis viewpoint. In the modelling part, high-fidelity models (both linear and

nonlinear) are required that capture the dynamics of the controlled aircraft in the presence of structural

flexibility, time-varying parametric uncertainty and variations in the flight envelope parameters. In the

analysis part, numerically efficient algorithms are required that can deal with large closed-loop systems

both in the state dimension and in the number of uncertain parameters. Finally, the clearance results

must be presented in a clear and concise way so that the designers can take immediate action in the

case of severe violations of the criteria.

2



NOTATION AND ACRONYMS

Symbols

R, (C) real (complex) numbers

R
n, (Cn) real (complex) column vectors withn entries

R
m×n, (Cm×n) real (complex) matrices of dimensionm × n

∈ belongs to

⊂ subset of

:= defined by

∀ for all

P (s)∗ complex conjugate transpose ofP (s)

A
H conjugate transpose of the matrixA ∈ C

m×n

diag(u1, . . . , un) diagonal matrix with elementsui on the main diagonal

Rp×q space of real-rational transfer matrices withp outputs andq inputs

RL∞ space of real-rational functions that are bounded onjR including∞

RH∞ subspace of functions inRL∞ that are analytic and bounded inC+

σ(A) largest singular value of matrixA

σ(A) smallest singular value of matrixA

|x| modulus (or magnitude) ofx ∈ C

‖x‖ Euclidean norm ofx ∈ R
n

‖u‖2 L2-norm of u(t) ∈ R
n

‖G‖
∞

infinity-norm of G ∈ RH∞

µ∆ structured singular value with respect to the uncertainty set ∆

ρ(A) spectral radius of matrixA

Acronyms

RHP Right Half Plane

SISO Single Input Single Output

MIMO Multiple Input Multiple Output

LPV Linear Parameter-Varying

LFT Linear Fractional Transformation

LMI Linear Matrix Inequality

SOS Sum of Squares

FC Set of flight conditions

NLP Nonlinear Program

SQP Sequential Quadratic Programming
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Abstract

This report describes a flight clearance procedure based on the Generalised Stability Margin [2] and

theν-gap measure [4]. The procedure was developed during the running of the GARTEUR project and

it was successfully applied for the clearance of the HIRM+ aircraft model with the RIDE controller [1].

The proposed method can address the linear industrial clearance criteria in a straightforward manner,

namely the Nichols exclusion regions (both single-loop andmulti-loop) and the degradation of these

criteria in the presence of parametric uncertainty. A numerically efficient algorithm is also proposed

to estimate the worst-case combination of uncertain parameters. The term worst-case refers to the

situation where the stability margin is either violated or is at its minimum acceptable value. The

proposed method can address the stability margin in a frequency-wise manner and the frequency

range for analysis has to be chosena-priori by the user. This is advantageous since any low frequency

unstable modes can be neglected during the analysis based onthe assumption that they are slow enough

so that the pilot can compensate for them. The method can onlyaddress linear stability criteria as it

is formulated at present and it is not clear how to examine nonlinear stability and handling criteria.

Also the application of the method requires some deep understanding of advanced control concepts.

In terms of numerical implementation issues, the method requires the solution of a frequency-wise

convex optimization problem which can be performed very efficiently. Being a linear analysis method,

it also requires the trimming and linearization of the full nonlinear closed-loop system at specified

trim points in the flight envelope in order to obtain linear closed-loop systems suitable for analysis.
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I. INTRODUCTION

A. The generalised stability marginǫP,C

Given the closed-loop interconnection[P,C] shown in Fig. 1 consisting of a nominal plantP and

a controllerC, the Generalised Stability Margin is defined as,

−

−

−

vu u
wu

P

wy

y

vy
C

Fig. 1. The standard feedback interconnection forH∞ Loop-shaping design.

Definition 1.1 (Generalised Stability Margin [1]):

ǫP,C :=

∣

∣
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∣

∣
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∣

∣
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[
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I

]

(I − CP )−1
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−C I

]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−1

∞

, if [P,C] is internally stable and 0 otherwise. (1)

If ǫP,C > 0 it guarantees that the closed-loop system is stable and larger values ofǫP,C correspond

to greater robust stability and nominal performance. In thesingle-input single-output case a value of

ǫP,C > 0.3 guarantees that the Nichols diagram of[P,C] avoids an elliptical region centred on−1

with a phase margin of35o and a gain margin of5.4 dB. The transfer matrix involved in the definition

of ǫP,C is the closed-loop transfer matrix from the noise signals[vy, vu]T to the internal signals[y, u]T .

Therefore, the stability margin is the inverse of the worst-case gain of the relevant transfer matrix. A

large value for the stability margin implies a small value for the H∞ norm of the transfer matrix1,

hence a smaller amplification of noise. Also it is shown in [2]that 0 < ǫP,C < 1, is the size of the

smallest perturbation to the normalised co-prime factors of P that destabilises the perturbed closed-loop

system. In [3], a controller design procedure is proposed which is given the nameH∞ loop-shaping.

The objective is to design the optimal controllerC that maximises the stability marginǫP,C for a given

weighted plantPw = W2PW1. The original plantP is weighted using frequency weights in order

to capture the desired performance and robustness properties of the closed-loop system. This design

methodology is very intuitive since it uses the well-known loop-shaping ideas for control design (in the

multi-variable case the singular values of the open-loop plant P are shaped) and it is combined with

an H∞ optimisation to obtain a robust controller. A frequency-wise version of the stability margin is

1If T (s) is a stable transfer matrix, then||T ||∞ := maxω σ̄(T (jω))
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also defined as,

ρ(P (jω), C(jω)) :=
1

σ̄

([

P (jω)

I

]

(I − C(jω)P (jω))−1

[

−C(jω) I

]

) , (2)

and it follows thatǫP,C = minω ρ(P (jω), C(jω)).

B. Theν-gap metric

The ν-gap metric measures the distance between systems in terms of how their differences can

affect closed-loop behaviour. A small gap distance betweentwo plants implies that they are likely to

be stabilised by the same controller. In general, if theν-gap distance between two plants is small then

any controller which performs well with one plant (in terms of ǫ-margin) will also perform well with

the other. An important fact is that theν-gap metric allows to consider the distance between plants

with different numbers of right half plane poles.

Definition 1.2 (ν-gap metric [4]): Given P0 andP1,

δν :=
∣

∣

∣

∣

∣

∣
(I + P1P

∗

1 )−1/2(P1 − P0)(I + P
∗

0 P0)
−1/2

∣

∣

∣

∣

∣

∣

∞

, if η[P1,−P
∗

0 ] = η[P0,−P
∗

0 ] (3)

and1 otherwise,

whereη[P,C] denotes the number of open right half plane (RHP) poles of the(positive) feedback

system comprising the plantP and the controllerC. The conditionη[P1,−P
∗

0 ] = η[P0,−P
∗

0 ] is

referred to as the winding number condition. The termP
∗ denotes the complex conjugate transpose

of P at a givens.

As with ǫP,C , the quantityδν(P0, P1) is always in the range[0, 1]. The ν-gap metric is a metric on

the set of linear time-invariant systems and it satisfies thetriangle inequality,

δν(P0, P2) ≤ δν(P0, P1) + δν(P1, P2). (4)

It is shown in [4] that theν-gap metric guarantees a level of robust stability as measured by the

ǫ-margin and expressed by the following inequality,

Theorem 1.1 (Robustness in theν-gap, [4]): For P0, P1 ∈ Rp×q andC ∈ Rq×p, then

ǫP1,C ≥ ǫP0,C − δν(P0, P1). (5)

This means that if the controllerC achieves a level of robust stability ofǫP0,C with the nominal plant

P0, then the level of robust stability achieved with the same controller and the perturbed plantP1 will

not deteriorate by more than theν-gap distance between the nominal and the perturbed plant. Similarly

to ǫP,C , theν-gap metric can be computed frequency-wise if the winding number condition is satisfied,

Definition 1.3 (Frequency-wiseν-gap metric): Given P0(jω), P1(jω) ∈ C, define

κ(P0(jω), P1(jω)) := σ̄

(

(I + P1P
∗

1 )−1/2(P1 − P0)(I + P
∗

0 P0)
−1/2

)

(jω) (6)

where we use the shorthand notationσ̄(G)(jω) to denoteσ̄(G(jω)).
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Using the frequency-wise version ofǫP,C , the robustness result of Theorem 1.1 can be expressed

frequency-wise as,

ρ(P1(jω), C(jω)) ≥ ρ(P0(jω), C(jω)) − κ(P0(jω), P1(jω)) ∀ω, (7)

and it is also valid when using weighted plants and controllers.

II. FLIGHT CLEARANCE USING NICHOLS DIAGRAMS CRITERIA

In this section we show how the generalised stability margincan be used to analyse closed-loop

systems and how the results can be related to exclusion regions in the Nichols diagrams which is an

industry standard for the clearance of flight control laws [5].

Given a closed-loop system consisting of a nominal plantP and a controllerC (designed with any

control design method), we will need to apply weights which reflect the desired closed-loop performance

in a similar way to the weights used in theH∞ loop-shaping procedure. The weights must be applied

in such a way so that the loop transfer matrix of the control system remains unchanged. Therefore,

the weights are applied at the inputs and outputs of the plantwith their inverses applied at the input

and output of the controller as shown in Fig. 2. The stabilitymargin is calculated as,

−

−

v̂u u
Wi P Wo

y

v̂y
C

û

ŷ

W−1
i W−1

o

Fig. 2. The placement of weights for theH∞ loop-shaping analysis of the closed-loop system.
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∞

. (8)

The selection of the weights is very important since they reflect the desired performance properties

of the closed-loop system. For example, the weights can specify the desired crossover frequency, the

gain at low frequencies and the gain roll-off at high frequencies. An evaluation of the scaled stability

margin ǫWoPWi,W
−1

i
CW

−1
o

with the given closed-loop system[P,C] and the weights, will determine

how well the designed controller achieves the desired performance as reflected by the weights.

The following result relates the weighted stability marginto robust stability with respect to input

and output independent and simultaneous multiplicative perturbations on the nominal plant.

Theorem 2.1 (Robust stability under multiplicative perturbations [6], [7]): Let ∆1 and∆2 be com-

plex diagonal matrices which perturb a nominal plantP to P∆ = (I+∆1)P (I−∆2)
−1. If the weighted

stability margin satisfies,

ǫWoPWi,W
−1

i
CW

−1
o

≥ β (9)
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for any diagonal input and output analysis weights,Wi, Wo, then[P∆, C] is stable for any perturbations

satisfying||∆2||∞ < β and ||∆1||∞ < β.

Considering only diagonal perturbations∆1 and∆2, the set of perturbed plants can be written as,

P∆ =
1

√

1 − β2
(I + ∆1)P (I − ∆2)

−1
√

1 − β2. (10)

For β < 1, the sets{ 1+δ1
√

1−β2
: |δ1| < β} and{

√

1−β2

1−δ2

: |δ2| < β} are identical, therefore the closed-loop

system is robust with respect to simultaneous and independent multiplicative perturbations as shown in

Fig. 3. The set{ 1+δ
√

1−β2
: |δ| < β} describes an ellipse if we consider the logarithm of the magnitude

P

C

P∆

1+δi1√
1−β2

1+δiq√
1−β2

1+δo1√
1−β2

1+δop√
1−β2

...
...

...
...

Fig. 3. The interconnection of the multiplicatively perturbed plant and the controller. Ifǫ
WoPWi,W

−1

i
CW

−1
o

≥ β, the

closed-loop system can tolerate the multiplicative perturbations shown in the figure for any|δ| < β.

against the phase of the complex number. An example forβ = 0.3 is shown in Fig. 4. In the single

input single output case the set is actually described by{ (1+δ)2

1−β2 : |δ| < β} which gives an ellipse twice

as big as the one obtained in the general multi-input multi-output case. It is important to remember that

although in the MIMO (Multi-input, multi-output) case the perturbation is smaller, it can be tolerated

simultaneously at both the input and output channels. If in the MIMO case we wish to consider a

perturbation at a single loop then this is given by the same perturbation as in the SISO (Single-input,

single-output) case [6].

A standard practise in industrial clearance of flight control laws is to consider the loop transfer

function when the loop is broken at an input channel and verify that it does not enter a symmetrical

region about the critical point (-1). Such regions have beenderived after years of experience in testing

and evaluation of flight control laws and are typically plotted on Nichols diagrams. The trapezoidal

exclusion region shown in Fig. 4 is the one used in industry for single-loop analysis. When using the

generalised stability margin for analysis we obtain a guarantee that the loop transfer function does

not enter an ellipsoidal region centred on the critical point. Furthermore, we can formulate a convex

optimisation problem in order to obtain the largest ellipsoid. This can be done by solving frequency-
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Fig. 4. The set described by the multiplicative perturbation set forβ = 0.3 both in the SISO (larger ellipse) and MIMO

(smaller ellipse) cases. In the MIMO case, the closed-loop system can tolerate independent and simultaneous multiplicative

perturbations at its inputs and outputs taken from the smaller ellipse while in the SISO case it can tolerate a multiplicative

perturbation at its input or output when taken from the larger ellipse.

wise the following optimisation problem:

ρscaled(P (jω), C(jω)) := max
Wi,Wo diagonal

ρ(WoPWi,W
−1
i CW

−1
o )(jω). (11)

Then the optimally scaled input/output stability margin can be defined as,

ǫscaled(P,C) := min
ω∈R

ρscaled(P (jω), C(jω)). (12)

A MIMO feedback system achieving anǫscaled-margin of at least0.3 will remain stable when

independent complex multiplicative gains (referred to as gain/phase offsets) from within the inner

ellipse in Fig. 4 are inserted onto each of the plant inputs and outputs. If only one input or output is

perturbed, the gain/phase offset can be selected from within the outer ellipse.

III. E FFECT OF UNCERTAIN PARAMETERS ON THE STABILITY MARGINS

In this section we will present how theν-gap metric and the stability marginǫscaledare used

to assess the effect of uncertain parameters on the stability margins and also how to calculate the

worst-case combinations of uncertain parameters.

A. Approximation of theν-gap metric

An approximation of theν-gap metric is considered which is good for small perturbations and

which allows to obtain a linear fractional approximation ofan uncertain plant model with uncertain

parameters. For this purpose, the following mapping is proposed relative to a nominal modelP0 [8].

P∆ 7→ XP∆
:= (I + P0P

∗

0 )−1/2(P0 − P∆)(I + P
∗

0 P∆)−1(I + P
∗

0 P0)
1/2

. (13)
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The mapping can be used to compute the frequency-wiseν-gapκ(P0(jω), P∆(jω)) using the relation-

ship,

σ̄(XP∆
)(jω) =

κ(P0(jω), P∆(jω))
√

1 − κ2(P0(jω), P∆(jω))
. (14)

The importance of the mappingXP∆
relies on the fact that it can approximate theν-gap distance

between two differently perturbed plants by linearly combining their associatedXPi
contributions

using the following result (and its frequency equivalent):

Theorem 3.1 ( [8] Theorem 3.3):GivenP0, P1 andP2 satisfyingδ
2
ν(P0, P1)+ δ

2
ν(P0, P2) < 1 then,

δν(P1, P2) ≤ ||XP1
− XP2

||∞ ≤
δν(P1, P2)

√

1 − δ2
ν(P0, P1)

√

1 − δ2
ν(P0, P2)

. (15)

This result is used to approximate the effect of simultaneous perturbation due to multiple uncertain

parameters(δ1, δ2, . . . , δn) using their individual effect on the mappingXP∆
. The mappingXP∆

is

linearised with respect to the uncertain parameters using aTaylor-series expansion and only the first-

order terms are retained.

XP∆
≈ Xapp :=

n
∑

i=1

δiXi, Xi :=
∂XP∆

∂δi

|∆=0. (16)

Using the representation ofXappwhich is linear in the uncertain parameters, we can invert the mapping

P∆ 7→ XP∆
to obtain an approximate plantPapp. If the linear approximation ofXapp is accurate,

the resulting approximate plantPapp will depend linear fractionally on the uncertain parameters and

will approximate well theν-gap distance between the nominal plantP0 and the true perturbed plant

P∆. The general idea is that if the uncertain parameters have a small effect on the closed-loop system,

then ||Xapp||∞ would be small and the approximate plant would be close to thenominal plant in the

ν-gap metric using the result in eq. (15).

B. Estimation of worst-case parameter combinations

An approximate bound on the worst-case stability margin dueto the combined effects of a number of

uncertain parameters can be obtained by combining the relation betweenXappand theν-gap together

with the standardν-gap robustness result. This gives,

ρ(Papp(jω), C(jω)) ≥ ρ(P0(jω), C(jω)) −
σ̄(Xapp(jω))

√

1 − σ̄2(Xapp(jω))
(17)

≈ ρ(P0(jω), C(jω)) − σ̄(Xapp(jω)). (18)

An upper bound on̄σ(Xapp(jω)) can be obtained given thatXapp is the linear expansion ofXP∆
as,

σ̄(Xapp(jω)) ≤

n
∑

i=1

σ̄(Xi(jω)). (19)

We can therefore assess the effect of each individual uncertain parameter on the deterioration of the

stability margin using,

ρ(Papp(jω), C(jω)) & ρ(P0(jω), C(jω)) −

n
∑

i=1

σ̄(Xi(jω)). (20)
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The individual quantities̄σ(Xi(jω)) can also be used to assess which parameters are more significant

in terms of deteriorating the closed-loop performance. Anyparameters with a negligible value of

σ̄(Xi(jω)) can be discarded and thus make the computational analysis burden lighter.

The estimation of worst-case parameter combinations involves the maximisation of̄σ(Xapp(jω)) =

σ̄(
∑n

i=1 δiXi(jω)) over parameter valuesδi, which is a convex optimisation problem. Therefore the

parameter values which give the largest frequency-wiseν-gap distance betweenP0 andPapp occur at

the vertices of the parameter space.

IV. CLEARANCE PROCEDURE

In this section we present the steps in applying the clearance procedure based on the generalised

stability marginǫP,C and theν-gap metric. The analysis was applied on the HIRM+RIDE aircraft

model as part of the GARTEUR project and is presented in full detail in [9].

An initial consideration before applying the clearance procedure is to specify a grid of trim points

and a grid of frequencies at which the analysis is performed.

Analysis cycle: Stability margin calculation

1) Given a specific trim point, trim the aircraft and controller models.

2) In the case of single-loop analysis construct the closed-loop system with the desired single broken

loop. P0 is the linearisation of the closed-loop system with the loopbroken andC = 1.

3) For each frequency in consideration generate optimal weightsWi andWo by solving the optimi-

sation in (11).

4) Compute the frequency-wise nominal stability margin, which is the result of the optimisation of

the previous step. If at any frequency point, the stability margin is below the clearance threshold

value (usually0.27 − 0.3), then the nominal system fails to meet the clearance specifications.

The calculation of the stability margin is performed at eachtrim point and over a grid of frequency

points. The griding in the frequency range is advantageous since the frequency range can be chosen

accordingly in order to disregard any slow closed-loop unstable modes which can be stabilised by the

pilot action. At each frequency point a convex optimisationproblem is solved in order to calculate the

stability margin and check that it is above the threshold. The frequency griding must be performed with

caution in cases where the closed-loop system may contain lightly-damped modes. Once the nominal

stability margin specification is cleared, the next step is to investigate the effect of uncertain parameters

on the nominal stability margin (again this is performed frequency-wise).

Worst-case stability margin analysis:

1) Select the parameters to consider.

2) Create linearised perturbed plantsPδi
for each individual parameter at a value ofδi = 0.01δ̄i,

whereδ̄i is the maximum allowable value of that parameter. Note that the number of linearisations

required is equal toN and not equal to2N whereN is the number of uncertain parameters.

3) ComputeXi = 1
0.01

XWoPδi
Wi

using (13) and the optimal weights from the nominal stability

margin calculation. Note thatXi approximates the weightedν-gap effect of applying theith
parameter at a value ofδi = δ̄i.

11



4) Compute the frequency-wise approximation of the weighted ν-gap between the nominal plant and

each maximally perturbed plant:

κ(WoPδ̄i
Wi,WoP0Wi) =

σ̄(Xi(jω))
√

1 − σ̄2(Xi(jω))
. (21)

This quantity will be used as an indication of the sensitivity of the closed-loop system to each

uncertain parameter.

5) Compute the lower bound on the approximate frequency-wise nominal stability margin using:

ρscaled(Papp(jω), C(jω)) & ρ(WoP0Wi,W
−1
i CW

−1
o )(jω) −

n
∑

i=1

σ̄(Xi(jω)). (22)

If the lower bound is above the threshold at all frequencies,then the margins should be good for

all combinations of parameters.

The above algorithm gives a quick way to identify at which frequencies the effect of the uncertain

parameters will cause a significant deterioration of the stability margin. The final part of the analysis

cycle is to consider these problematic frequencies and estimate worst-case parameter combinations.

Frequency-wise estimation of worst-case parameter combinations:

1) At the specific frequency point, sort the uncertain parameters according to decreasing value of

their frequency-wiseν-gap as computed in step 4 of the previous algorithm.

2) Discard any parameters which have insignificantν-gap effect (< 0.001) at the specific frequency.

3) Of the remaining parameters, select the most significant (in terms of individual parameterν-gap

size) and refer to it asδi. SetXapp= 0.

4) ComputeX+
app= Xapp+ Xi andX

−

app= Xapp− Xi, which correspond to approximating the

effect of this parameter onXapp whenδi = +δ̄i andδi = −δ̄i respectively. Using (13) compute

P
+
app from X

+
app andP

−

app from X
−

app.

5) Computeρ(WoP
+
appWi,W

−1
i CW

−1
o )(jω), the weighted stability margin forP+

app at this fre-

quency. Compute also the weighted stability margin forP
−

app. Determine ifδi = +δ̄i or δi = −δ̄i

gives the worst margin and setδi to this worst-case direction.

6) SetXapp= X
+
appor Xapp= X

−

appto reflect the worst-case direction determined in the previous

step.

7) Remove the parameterδi and repeat the process of sequentially applying all the parameters in

order of their closed-loop significance.

8) Using the estimated worst-case parameter combination, generatePtrue, the linearised closed-

loop system with the worst-case parameter values. Compareρ(WoPappWi,W
−1
i CW

−1
o )(jω)

with ρ(WoPtrueWi,W
−1
i CW

−1
o )(jω) and make sure they give similar values to ensure that the

approximation has worked well.

9) Finally, computeρscaled(Ptrue(jω), C(jω)), the actual stability margin achieved withPtrue by

re-optimising at the specific frequency over the weights.

V. A PPLICATION OF THE METHOD

The introduction of the mentioned measures is relatively recent in the long history of control theory.

The generalised stability marginǫP,C was introduced in [2] and theν-gap metric was introduced

12



in [10]. Initially, the generalised stability marginǫP,C was introduced as an integral part of theH∞

loop-shaping design procedure of McFarlane and Glover and not as an analysis tool. The first serious

application of this design method in flight control was in designing anH∞ controller for the VAAC

Harrier [11]. Subsequently, the technique was extended in [12] to a gain-scheduled design procedure

that was again successfully demonstrated on the flight testing of the VAAC Harrier. In the gain-

scheduling approach the control laws are automatically scheduled over the flight envelope and provide

a robustness guarantee in terms of a measure which is a nonlinear extension of the generalised stability

margin. The results from the flight testing of theH∞ gain-scheduled controller on the VAAC Harrier

are presented in [13]. More recently theH∞ gain-scheduled method has been applied for the control

of robotic helicopters [14].

In terms of using the generalised stability margin purely for analysis purposes, the most significant

work can be found in [9] where it was applied for the clearanceof the RIDE control law for the High

Incidence Research Model (HIRM). The notions of the generalised stability margin and theν-gap have

been generalised to a finitely connected regionΩ ∈ C in [15] and a design procedure was introduced

that maximises the stability margin over the regionΩ. In [16] the H∞ loop-shaping design method

was extended for the design of controllers for nested feedback systems in order to account for the

common practise in flight control for designing an inner-loop and an outer-loop controller.

VI. CONCLUSIONS

The proposed clearance procedure can naturally address thelinear stability margin criteria used

in the clearance of industrial flight control laws, namely the Nichols exclusion regions. It can give

results both for the single loop analysis and the multi-loopanalysis case with no added computational

effort. It can address the effect of any uncertain parameters on the exclusion regions which is again

a common industrial practise in the clearance of flight control laws and more importantly it provides

an approximate but numerically efficient algorithm to estimate worst-case parameter combinations.

The measures used in the proposed clearance method are developed for linear systems, therefore the

method requires linearised aircraft/controller models atvarious trim points. Although the proposed

method applies to linear systems it was shown in [17] how to use an extension of the generalised

margin for Linear Parameter Varying (LPV) systems. In that paper the robustness properties of various

nonlinear flight control laws were investigated by formulating the problem of calculating the stability

margin using Linear Matrix Inequalities (LMIs). It was stressed that the numerical complexity of the

problem was a serious issue for closed-loop systems with many states. Another attractive aspect of the

proposed clearance method is the fact that all the measures have frequency-wise equivalents and the

tests are performed on ana-priori determined frequency range. Being able to specify the frequency

range for analysis is useful in terms of analysing the stability of specific aircraft modes or disregarding

any slow but unstable modes which can be compensated for by the pilot. In terms of visualising the

results, it is very intuitive to plot the frequency-wise generalised stability margin over the frequency

range for analysis, or to plot the frequency-wiseν-gap metric over frequency in order to demonstrate the

sensitivity of the closed-loop system to various uncertainparameters. The proposed method is lacking

in terms of addressing nonlinear clearance criteria or time-domain criteria. It may be possible to do

13



so by reformulating the industrial clearance criteria in a form which the current method can handle.

Another possible drawback of the technique is that it requires a knowledge of advanced control concepts

in order to fully grasp its theoretical background. It’s main advantage, especially in its application to

civil aircraft with a large number of uncertain parameters,is the numerically efficient estimation of

worst-case combinations of uncertain parameters.
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I. LYAPUNOV METHODS

Clearance of flight control laws based on Lyapunov function analysis is a line of research that

has received relatively little attention so far. Lyapunov techniques are very well established in

the control field for the analysis and design of nonlinear control systems [1]. Moreover, they

have been widely used to address robust stability and robustperformance problems (see e.g. [2],

[3]).

In the context of flight control systems,robustness with respect to all sources of uncertainty in

the aircraft model is clearly a crucial issue. A part of the industrial clearance process involves the

investigation of the closed-loop eigenvalues, the stability margins and the performance indices,

in the presence of parametric uncertainty resulting from variability in the c.g. position, the mass,

the inertia coefficients and the aerodynamic coefficients. The objective is to guarantee robust

stability and performance of the nonlinear closed-loop system for all possible variations of the

model parameters within pre-assigned bounds.

Most robustness analysis techniques for flight control systems are based on linear methods: the

nonlinear aircraft model is linearised at different equilibria in the flight envelope and robustness

of each linearised system is analysed separately. This procedure has only local validity and does

not guarantee robustness of the nonlinear closed-loop system. Conversely, Lyapunov techniques

are able to directly address stability of nonlinear systemsand to handle large deviations from

trim flight conditions.

In the following, some basic results of Lyapunov theory are briefly summarised. Let us consider

a general nonlinear system

ẋ = f(x, u; θ) (1)



representing the closed-loop aircraft dynamics. Here,x ∈ IRn is the state vector,u ∈ IRm are the

reference command signals andθ ∈ IRq is the vector of uncertain parameters. The parameters

belong to a given set,θ ∈ Θ (usually a polytope in the parameter space). Hereafter it isassumed

that the parameters can vary freely in time withinΘ; however, it is well known that it is possible

to improve robustness results if the parameters are constant, or a bound on their variation rate

is available (see e.g. [4], [5]).

Let us assume for simplicity that whenu = 0 (unforced system),x = 0 is an equilibrium for

system (1), for allθ ∈ Θ. Then, the following results hold.

Result 1: Let D ⊂ IRn be a set containingx = 0, and letV : D → IR be a continuously

differentiable function such thatV (0) = 0 and

i) V (x) > 0 for x ∈ D \ {0} ,

ii) −∂V
∂x

f(x, 0; θ) > 0 for x ∈ D \ {0} andθ ∈ Θ.

Then,x = 0 is a robustly asymptotically stable equilibrium point for system (1), for allθ ∈ Θ.

V (x) is called aLyapunov function.

Result 2: Let V (x) be defined as in Result 1 and assume there existsc > 0 such that the

region

Ωc = {x ∈ IRn : V (x) ≤ c}

is bounded and contained inD. Then Ωc is an estimate of the region of attraction of the

equilibrium pointx = 0, for system (1) withu = 0, for all θ ∈ Θ.

Result 3: Let f(x, u; θ) = a(x; θ) + b(x; θ)u and assume that the output of the system is

y = c(x; θ), where the functionsa, b and c satisfy suitable regularity conditions [1]. If there

exist γ > 0 and a continuously differentiable positive semidefinite function V (x) satisfying

∂V

∂x
a(x; θ) +

1

2γ2

∂V

∂x
b(x; θ)bT (x; θ)

(

∂V

∂x

)T

+
1

2
c
T (x; θ)c(x; θ) ≤ 0

for all x ∈ D andθ ∈ Θ, then theL2 gain of the system is bounded byγ, i.e.

sup
‖u‖2 6=0

‖y‖2

‖u‖2

≤ γ.

One major problem of Lyapunov-based methods is that they generally provide only sufficient

conditions, and constructive procedures for generating Lyapunov functions are available only for

special classes of systems.

The application of Lyapunov methods to flight control systems has been recently addressed

along two different lines. The first is based onquadratic Lyapunov functions and applies to

a fairly broad class of models known as quasi-linear-parameter-varying (quasi-LPV) models.

The second approach employspolynomial Lyapunov functions and can be applied (at least in

principle) to any vector field being a polynomial function ofx andθ.
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II. QUADRATIC LYAPUNOV FUNCTIONS

The most popular family of Lyapunov functions is that ofquadratic Lyapunov functions

(QLFs), i.e.

V (x) = x
T
Px (2)

whereP ∈ IRn×n is symmetric and positive definite. It is well known that for linear systems

with no parametric uncertainty QLFs provide necessary and sufficient conditions for asymptotic

stability. On the other hand, they turn out to be conservative when linear systems are affected

by parametric uncertainties.

In [6], QLFs have been employed to analyse robust stability and performance of two nonlinear

dynamic inversion control laws for the short-period dynamics of an F/A-18 aircraft. First, aquasi-

LPV model approximating the closed-loop interconnection of the control law with the uncertain

F/A-18 short-period dynamics is derived. This takes on the form

ẋ = A(x; θ)x + B(x; θ)u

y = Cx
(3)

whereA(x; θ) and B(x; θ) turn out to be nonlinear in the statex and affine in the uncertain

parametersθ. The considered model hasn = 2 state variables andq = 5 uncertain parameters

belonging to theℓ∞ unit ball (all parameters vary independently in the range [-1,1]).

When the results of Lyapunov theory are applied to system (3)with Lyapunov function (2), one

obtains a set of matrix inequalities such as

M(x; θ;P ) > 0 (4)

that are affine inP (for fixed x andθ), affine inθ (for fixed x andP ) and generally nonlinear in

x. The aim is to find a positive definite matrixP so that (4) is verified for allx in a prescribed

domainD (the considered flight envelope), and for allθ ∈ Θ (the aerodynamic uncertainty). By

exploiting the affine dependence onθ, it is sufficient to verify the inequalities (4) in the vertices

of Θ (if Θ is a polytope). Conversely, since the dependence onx is more involved, a griding

of the domainD is performed and the inequalities are verified for each pointof the grid. In the

end, the Lyapunov conditions result in a set of Linear MatrixInequalities (LMIs) in the elements

of matrix P . The number of LMIs depends on the number of vertices (typically exponential in

q) and in the number of grid points forD (again growing exponentially withn). It is worth

remarking that finding a feasible solution of a set of LMIs is aconvex optimisation problem for

which powerful numerical tools are available [7], [8].

More details on the robustness analysis performed along theabove lines can be found in [9],

[10].

III. POLYNOMIAL LYAPUNOV FUNCTIONS

In recent years, a growing interest has been directed towards the use of Lyapunov functions

that are polynomial forms in the state variablesx. Several classes of polynomial Lyapunov

functions have been proposed for systems with different type of uncertainties (see e.g. [11]–[13]

and several papers contained in the collection [14]).
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In the context of clearance of flight control laws, the first attempts to apply polynomial

Lyapunov functions are contained in [15], [16]. In particular, in [15] the same aircraft model and

flight control law considered in [6] are analysed by employing a polynomial Lyapunov function

V (x). The main assumption is that the functionsA(x; θ) andB(x; θ) in (3) are polynomials in

both x andθ (when this is not the case, polynomial approximations are introduced).

In the above setting, the Lyapunov robustness conditions result in a set of inequalities of the

form

pi(x; θ) > 0 ∀x ∈ D, ∀θ ∈ Θ , i = 1, . . . , s (5)

where thepi are polynomials inx and θ. In order to relax condition (5), which is usually

intractable, positivity of polynomials is replaced by a stronger condition: requiring that thepi

aresum of squares (SOS). The advantage is that the problem of testing if a polynomial is a SOS

can be formulated as a set of LMIs in a suitable extended space[17]. Hence, convex optimisation

techniques can be employed to test whether (5) is satisfied. In order to formulate and solve the

convex optimisation problems originating from the relaxations of polynomial positivity tests,

specific software tools have been recently developed [18], [19].

An approach similar to that described above is taken in [16] for a different aircraft model

(pitch dynamics of an F-14). The closed-loop nonlinear model has up ton = 6 state variables,

and one uncertain parameter (position of the centre of gravity).

IV. D ISCUSSION

The clearance methods based on Lyapunov functions considernonlinear aircraft models and

allow one to address robust stability and performance problems. Robust stability is typically

formulated in terms of estimated size of the region of attraction of equilibrium points (corre-

sponding to trim flight conditions), while performance criteria are often expressed in terms of

worst-case gain from reference to output according to suitable norms (e.g.,L2).

Classes of models that can be handled are LPV models, quasi-LPV models (3), dynamic models

with polynomial vector fields, and also Linear Fractional Transformation (LFT) representations.

Such models typically cover large portions of the flight envelope and are able to handle large

deviations from trim flight conditions and large variationsof parametric uncertainties. Another

advantage is that several types of uncertainties can be treated (time-invariant, slowly time-varying,

etc.). Moreover, Lyapunov methods allow one to tackle robustness analysis without having to

grid the parametric uncertainty set.

At present, the main issue of Lyapunov-based techniques is the high computational burden. Al-

though efficient solvers are now available for problems involving large-size LMIs, the complexity

of the optimisation problem to be solved grows exponentially in the number of state variables,

uncertain parameters and degree of the Lyapunov function. Therefore, the size of models to

which such methods can be effectively applied is limited. Inthis respect, the formulation of

reduced-order models is expected to be extremely useful.

Other possible drawbacks of Lyapunov analysis concern the difficulty to identify worst-case

combinations of parameters and to formulate optimisation problems using industrial clearance
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criteria such as the Nichols stability margins.
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I. OPTIMISATION BASED CLEARANCE

A comprehensive description of the optimisation-based clearance approach is given in [1] for

the first time. An analysis cycle was introduced which combines a discretisation of the flight

envelope with local parameter optimisation at selected flight conditions. Parameter optimisation

is used to determine worst-case parameter combinations around this flight conditions which

lead to worst performance within the parameter range and flight conditions under investigation.

Discretisation with respect to some parameters (here: flight conditions) is used to overcome to

some extend the problem of local minima and to find the overallworst case parameter solution.

In the aftermath several investigations have been made regarding the suitability and effective-

ness of different optimisation algorithms [2], [3] and [4].It was shown that the reliability of

the approach, i.e. the probability to find hidden weaknesses, is increased when global search

algorithms are applied instead of local down-hill methods.The loss of performance measured in

computing time can be compensated at least partially when sophisticated combinations of both

local and global methods are applied.

The strength of the optimisation-based approach is its flexibility in that it can be used to

check all linear or nonlinear clearance criteria as far as they can be expressed as mathematical

objective functions. In [1] the optimisation-based approach was considered to be more reliable

than current methods, because it covers the parameter spacecontinuously and it proved to be

more efficient regarding computing time for a large number ofparameters (>5).



II. T HEORETICAL BASIS

The basic idea of optimisation based clearance is to expressany clearance requirement as a

scalar criterionc(p, fc) wherec is larger the better the performance is.c is a function of the

parameter vectorp and the flight conditionsfc. The vectorp comprises the uncertain parameters

(e.g. mass, inertia, aerodynamic coefficients etc.). Its components are assumed to be bounded

and continuously varying over known intervals, defining a hyper-boxP . fc represents discrete

conditions (e.g. configuration settings) or other quantities which are defined as discrete variables

only (e.g. flight conditions given by Mach number and altitude) and is a component of the set

of flight conditionsFC.

Following [1], the clearance problem can now be formulated as a minimisation problem. Let

c0(fc) be a lower acceptable value ofc. Then

d(fc) = min
p∈P

(c(p, fc) − c0(fc))

is a measure for the clearance performance, which can be obtained by optimisation. The clearance

requirement is fulfilled for conditionfc if d(fc) is positive. To fulfil the clearance criterion for

all flight conditions,d(fc) must be positive for allfc ∈ FC.

It depends on the nature ofFC whether it is sufficient to solve a (low) number of individual

continuous minimisation problems or to use combined continuous/discrete algorithms to find the

overall worst-case solutiond

d = min
p∈P

fc∈F C

(c(p, fc) − c0(fc)).

III. B ASIC PREREQUISITES

The mathematical optimisation problem to be solved is a Nonlinear Program (NLP) problem

and hence there are no restrictions on the choice of the clearance criteria. One can treat any

kind of clearance criterion as far as the criterion can be expressed as a sufficiently exact scalar

criterion function. There are also no restrictions on the models used to compute the criterion

via numerical analysis or simulation; it can be linear or nonlinear, in the time domain or in

the frequency domain. Moreover, the model should be globally valid in order to have access to

maximum allowable parameter variations.

However, using specific solvers for the NLP problem may put restrictions on the formulation

of the clearance criterion. For example gradient based NLP-solvers usually require the criterion

function to be twice differentiable, whereas for stochastic search methods like genetic algorithms

the criterion function does not even need to be continuous. Thus for each criterion to be

investigated the appropriate optimisation method has to beapplied.

IV. BASIC CLEARANCE PROCEDURE

The basic clearance procedure proposed in [1] is straight forward. It consists in general of the

following steps:

1) Problem definition and initialisation: the problem is defined by determining the uncertain

parameter vectorp and the set of discrete conditionsFC. The clearance criterion has to be
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decided together with the computation and optimisation options, like options for trimming

and simulation or analysis methods. The optimisation method and corresponding options

(e.g. stopping criteria, tolerances or maximum number of iterations) have to be chosen.

2) Initial consistency check:the clearance criterion is firstly analysed over the discrete flight

conditions and nominal parameter values in order to detect weaknesses at these points and to

check whether the problem is well-posed and consistent. Forinstance, the resulting control

surface deflections or other characteristics must be withinthe allowed ranges.

3) Optimisation: this is the search for the worst-case parameter combinations by minimising

the clearance criterion using optimisation. This step provides for each conditionFCi a

solutionp
worst
i which minimises the criterionc. The optimisation progress and termination

conditions can be logged for further analysis on the successof the optimisation run. For

instance, exceeding the maximum number of iterations at an early stage of the optimisation

run maybe an indication of the existence of a worse solution.

4) Final consistency check:the results of step 3 are analysed similar to step 2 in order to

verify the consistency of the results.

5) Result presentation and post processing:In the final step the data can be post-processed

and visualised. Discrete conditions with questionable optimisation results can be repeated

with different initial choices for the parameter values.

V. INTERPRETATION AND VISUALISATION OF RESULTS

In principle the method provides worst-case parameters andthe resulting criterion values as

outcomes. The criterion value clearly indicates the clearance performance. The provided values

can be visualised as usually done in current approaches.

The possibility of visualising results is as general as the underlying criterion computation.

Since a clearance criterion is usually based on the computation of common engineering char-

acteristics (e.g. eigenvalues, step or frequency responses, handling criteria) these quantities can

be depicted without additional effort in customary diagrams. This can be done even during

optimisation.

VI. B ENEFITS AND DRAWBACKS

As already mentioned the advantage of the optimisation-based clearance method is its flexi-

bility regarding the formulation of the clearance criteriaand underlying models. For clearance

problems which can be expressed as mathematical criteria there are no restrictions compared to

current clearance methods. The benefits over the current clearance approach are more reliability

in finding weaknesses, saving of computation time and the possibility to deal simultaneously

with a larger number of parameters.

Possible drawbacks are:

• there is no guarantee of finding the global optimum of the optimisation problem.

• the result and the effectiveness of solution depends on the proper formulation of the criterion.

• the result and the effectiveness of solution depends in general on the optimisation solver

used.
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• the computed criterion value may be sensitive to limited accuracy due to numerical distur-

bances and truncation errors (so called noisy criteria). This is especially true for the efficient

gradient based optimisation tools like SQP (Sequential Quadratic Programming).

To overcome these drawbacks to some extend, one has to properly define the clearance criterion

and to look for the best suited optimisation method for that criterion. Depending on the properties

of the criterion formulated one can use either the discretisation strategy as applied in [1] or use

global optimisation strategies as in [2]. Both approaches will lead to more computational effort,

which again is expected to be reduced when global optimisation is combined properly with

efficient down-hill optimisation methods (so called hybridoptimisation).
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Abstract

The bifurcation and continuation method investigates the satisfaction of the clearance criteria

by calculating trimmed flight conditions using a continuation algorithm and by evaluating

the relevant clearance criteria continuously as a functionof the continuation parameters. The

variation of the continuation parameter can be related to angle of attack (α) variation so the

clearance measures can be easily visualised in plots with respect to the angle of attack range. For

values ofα for which the clearance criteria are violated, a sensitivity analysis is performed on

the clearance measures with respect to the uncertain parameters using each uncertain parameter

as a continuation parameter in the continuation algorithm.In this way the worst-case parameter

combinations are estimated for each clearance measure. It is possible to consider any kind of

clearance criterion whether linear or nonlinear without introducing any conservatism. It is a

systematic and transparent method and allows the user to be in touch with the physics of the

problem. Although the method can identify worst-case uncertainty combinations, there is no

guarantee that these correspond to the actual worst cases. Significant effort and expertise are

needed to implement the method correctly, requiring knowledge of bifurcation and continuation

theory. Numerical implementation issues may arise in situations where the vector field that

describes the controlled system is not differentiable.

I. INTRODUCTION

The bifurcation and continuation method utilises the nonlinear equations that describe the

controlled aircraft system and locates worst-case parameter combinations for all selected flight

conditions. The clearance criteria can be checked as a function of the incidence angle and it



is easy to identify the values of angle of attack at which there is a violation of the clearance

criteria.

Bifurcation analysis is based on the theory of nonlinear dynamical systems and is a technique

for studying the steady and non-steady solutions of a nonlinear dynamical system in terms of

variations in its state variables and its inputs. The analysis is implemented numerically using

algorithms known as continuation methods.

In the study of flight dynamics the system is described byn ordinary differential equations,

wheren is the number of state variables. The state equations will also be functions of the inputs

and other parameters. In nonlinear systems it is possible tohave multiple steady-state solutions

for the same fixed values of inputs and parameters. Some of these solutions maybe stationary like

equilibrium points (stable or unstable) and others maybe periodic like limit cycles. In open-loop

flight mechanics both a spin mode and a stable wings-level trimmed flight may exist for the same

control surface positions. As the parameters or the inputs vary there maybe abrupt changes in

the response of the system. The switching of the dynamic characteristics of the system at certain

points in the state-parameter space is called abifurcation and the points at which these transitions

are triggered are calledbifurcation points. In flight mechanics the flight states of an aircraft such

as wings-level trimmed flight and turns, oscillations and spins can be classified respectively

as equilibria, periodic orbits and quasi-periodic orbits.The bifurcations describe the transitions

between the various flight states and can be either abrupt or subtle such as “wing rock” and “spin

departure”. The main strength of bifurcation analysis liesin its ability to explain the transition

phenomena across global regions in the state-parameter space and the combination of bifurcation

diagrams with nonlinear time-domain simulations represents a powerful and systematic way for

the study of nonlinear dynamics.

The bifurcation analysis method can be applied both to open-loop and closed-loop systems. By

including model uncertainties in the form of uncertain parameters and by incorporating clearance

criteria in the continuation method, the clearance of flightcontrol laws can be performed.

II. A PPLICATION OF BIFURCATION ANALYSIS

Consider that the closed-loop system representing the dynamics of a controlled aircraft can

be represented byn ordinary differential equations as shown below:

ẋ(t) = f(x(t), δ), x(t), f ∈ R
n

δ ∈ R
m

. (1)

The vector variablex(t) represents the states of the aircraft (which are the translational and

rotational rates and displacements), the controller states, and the actuator and sensor states.

The parameter vectorδ includes any system parameters and the inputs of the closed-loop system

such as reference signals and disturbance signals. The bifurcation analysis requires that the vector

field f is continuous and at least twice differentiable with respect to the state vector and the

parameter vector. For aircraft systems this assumption maybe violated due to the representation

of the aerodynamics using look-up tables and due to controller nonlinearities such as saturations,

dead bands and switching.
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The main task in bifurcation analysis is to generate all the stationary point and periodic

solutions to the nonlinear system described by (1) within a specified state-parameter space. The

most common means of presenting bifurcation analysis information is to depict the solution

branches of then states as a parameterλ varies and the others kept fixed. The free parameter

λ is referred to as the “continuation” or “bifurcation” parameter. It is usually chosen to be a

pilot input such as a control effector position or the stick deflection. It can also be chosen as an

uncertainty parameter corresponding for example to the variation of the position of the centre

of gravity or to the variation of a stability derivative. Thestationary point solutions are defined

by,

ẋ(t) = f(x(t), λ), x(t), f ∈ R
n

λ ∈ R, (2)

and the periodic orbits by,

ẋ(t) = ẋ(t + TL) = f(x(t), λ), x(t), f ∈ R
n

λ, TL ∈ R. (3)

The bifurcation diagrams are generated using a continuation method based on a path-following

algorithm. Given an initial condition to the equations (2) or (3), it makes use of the local

smoothness assumption to find a locus of points that satisfy the equations asλ varies from its

initial value. At each solution point the eigenvalues of theJacobian of the linearised system are

evaluated and used to indicate local stability and obtain information on bifurcations of solution

paths.

The visualisation of the bifurcation results is done by plotting each state against the contin-

uation parameterλ. A variety of symbols and line types are used to characterisesolutions as

equilibria or limit cycles and whether they are stable or unstable. It is usual to use solid lines

to denote asymptotically stable equilibria and dashed lines to denote unstable equilibria.

The majority of bifurcations present in controlled and uncontrolled aircraft are elementary

bifurcations from stable equilibria such asfolds, branch crossings and theHopf bifurcation

to a limit cycle. The most common bifurcation encountered incontrolled aircraft is the fold

bifurcation. The fold bifurcation from a stable equilibrium occurs when a real eigenvalue of

the system’s Jacobian matrix crosses into the RHP. An example of two fold bifurcations on a

state-parameter diagram is shown in Fig. 1. If the system is operating in the top-left stable region

of the state-parameter space near the fold bifurcation and the parameterλ is reduced then the

system will experience an instability. Since the unstable equilibrium cannot be sustained the state

trajectory will have a transition in the bottom-left stableregion of the state-parameter space. A

periodic increase and decrease of the parameterλ between the two critical values will result in

a hysteresis behaviour of the system.

The first step in applying bifurcation analysis to a dynamical system is to describe the system

dynamics as in (1). The continuation method requires an analytic expression of the vector field

f(x, δ). In order to perform a bifurcation run (solution of a branch of steady states) the user

must specify the following:

• which of them parameters inδ will form the continuation parameterλ,

• the values of the remaining parameters inδ,
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Fig. 1. A pair of fold bifurcations on a state-parameter space.

• a starting value ofλ and the range of values ofλ for which to solve the system equations,

• an initial guess forx at the startingλ value.

Most available software based on continuation methods solve for stationary points and not for

periodic orbits. The process of solving for stable or unstable periodic orbits is more computa-

tionally intensive than solving for equilibria but it is a fact that periodic solutions are uncommon

for controlled systems.

III. B IFURCATION ANALYSIS FOR FLIGHT CLEARANCE

Bifurcation analysis allows the investigation of the full nonlinear equations of motion of the

controlled aircraft with respect to variations in any system parameter. It can address clearance

criteria associated with eigenvalues or stability marginsand also nonlinear criteria such as

incidence or load factor exceedence. The continuation method can be applied in a “dual model”

framework. One model is used to find the solution trim points as a parameter is varied and

a second version of the system model is used to evaluate the clearance criteria at the specific

trim points. The implementation of continuation methods for flight control clearance involves

the incorporation of the clearance criteria to the softwareand it is possible to use more than

one version of the system’s model to calculate trim points and evaluate the clearance criteria.

It is also likely that the model equations and the clearance criteria are formulated in a different

programming language from the one used to implement the continuation algorithm.

A. Analysis cycle

The analysis cycle for estimating the worst case parameter combination that violates a specific

clearance criterion is presented. The analysis involves two stages: firstly each clearance criterion

is checked in the nominal case and secondly, based on the information from the nominal results,

the worst-case combination of uncertain parameters is estimated.

Analysis cycle:

• The model that describes the controlled aircraft dynamics is linked to the software used

to implement the continuation method. The dual-form of the continuation method may be
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used if the evaluation of the clearance criterion requires the use of a different version of

the system’s model than the one used for the calculation of the trim points.

• The continuation method is run for the nominal system, usingan appropriate continuation

parameter over its allowable range (e.g pitch rate demand,qdem). The stationary point

solutions must correspond to the trim points specified for clearance analysis and the required

α range must be covered by the continuation parameter variation. At each solution point

the clearance criteria are evaluated and the results are plotted as bifurcation diagrams with

respect to the continuation parameter (qdem) and/or with respect to the angle of attackα.

• Locate critical points on the nominal bifurcation diagramswhere the clearance criteria are

violated or almost violated.

• Run the continuation method again, this time starting at a critical nominal point and use

one uncertainty parameter at a time as the continuation parameter. Evaluate the clearance

measure as the uncertain parameter is varied in its range by keeping the angle of attack

constant at its critical point value.

• From the nonlinear sensitivity plots created in the previous step, observe the value of the

uncertainty parameter that gives the maximum degradation of the clearance criterion. Repeat

for all uncertain parameters and assume that the worst-casescenario will be the combination

of all the isolated uncertain parameter effects.

• Once the worst-case combination of uncertain parameters isfound, it is applied to the model

and a “local” continuation run is applied again starting at the nominal critical point with

the continuation parameter the same as in the nominal run (qdem). This run is only valid

for small variations of the continuation parameter about its nominal value. The clearance

criteria are evaluated and the values ofα for which the clearance violation occurs in the

presence of uncertainty is identified.

A critical assumption in the estimation of the worst-case parameter combination that violates a

specific criterion is that each uncertain parameter value corresponding to a maximum degradation

of the clearance criterion is independent of the values of the remaining uncertain parameters. This

requires that the dependence of any uncertain parameter on aclearance criterion is monotonic

over the full uncertain parameter range.

B. Application of the method

The bifurcation and continuation method was applied in [1] for the clearance of the HIRM+

aircraft model with the RIDE controller within the GARTEUR project. In the specific clearance

task the criteria considered were the single-loop Nichols stability margin criterion and the

unstable eigenvalues criterion, although it was mentionedthat it was also possible to consider

nonlinear criteria. The above criteria were examined in thenominal case and in the case where

it was found that some of them were violated at a given value ofα, further evaluation was

conducted for these criteria at the criticalα value and in the presence of uncertain parameters.

An automated procedure has been developed in [2] that combines various flight clearance

tools in a bifurcation analysis computation framework. Thepaper also presents a useful literature
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review of bifurcation analysis methods for flight control clearance. Such clearance was mainly

targeting the identification of highly nonlinear aircraft modes such as high angle of attack flight

and spin departures. The bifurcation method has been applied for the flight clearance of the

Harrier aircraft in [3] and it was used in [4] to aid the designof a nonlinear dynamic inversion

controller for a flight control application. In [5] a design method is proposed for controlling

nonlinear aircraft dynamics over a wide range of parameter variation by incorporating bifurcation

analysis and numerical continuation methods into the controller design process.

IV. CONCLUSIONS

The bifurcation and continuation method investigates the satisfaction of the clearance criteria

by calculating trimmed flight conditions using a continuation algorithm and by evaluating the

relevant clearance criteria continuously as a function of the continuation parameters. The variation

of the continuation parameter can be related to angle of attack variation so the clearance

measures can be easily visualised in plots with respect to the angle of attack range. For values

of α for which the clearance criteria are violated, a sensitivity analysis is performed on the

clearance measures with respect to the uncertain parameters using each uncertain parameter as

a continuation parameter in the continuation algorithm. Inthis way the worst-case parameter

combinations are identified for each clearance measure. It is possible to consider any kind of

clearance criterion whether linear or nonlinear without introducing any conservatism. It is a

systematic and transparent method and allows the user to be in touch with the physics of the

problem. Although the method can identify worst-case uncertainty combinations, there is no

guarantee that these correspond to the actual worst cases. Significant effort and expertise are

needed to implement the method correctly, requiring knowledge of bifurcation and continuation

theory. The strength of bifurcation analysis is its abilityto determine the critical flight conditions,

in which clearance criteria are likely to be violated, from the nonlinear equations of motion.
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I. STRUCTURED SINGULAR VALUE

M

Fig. 1. M − ∆ loop for stability analysis

Given a stable transfer functionM(s), from the small gain theorem, we know that the system

in Fig. 1 is well-posed and internally stable for all stable disturbances∆ satisfying

‖ ∆ ‖∞≤
1

γ
if and only if ‖ M(s) ‖∞< γ (1)

For a precise statement and proof see [1].

In the theorem, the disturbances∆ are of a general structure. If the disturbances∆ are of a

specific structure, then the small gain theorem is too conservative. In many engineering problems,



many of the disturbances are of known structure. For example, the variation in the location of

the centre of gravity of an aircraft and the variation in the moments of inertia of the aircraft.

By letting the disturbances∆ have a specific structure, less conservative theory and theorems

can be developed. The structured singular value (µ) framework has been developed for exactly

this reason, to provide less conservative results for the robust stability of linear systems with

respect to structured uncertainties.

Recall that the singular value decomposition (SVD) of a matrix M ∈ C
m×n is given by

M = USV
H (2)

where

S = diag(σ1, . . . , σp) ∈ R
m×n

, p = min(m,n), σ1 ≥ σ2, . . . , σp ≥ 0 (3)

and the matricesU ∈ C
m×m and V ∈ C

n×n are orthonormal. The scalarsσ1, . . . , σp are the

singular values. The vectorsU = [u1, . . . , um] are the left singular vectors andV = [v1, . . . , vn]

are the right singular vectors. For further discussion on the singular value decomposition, see

[2].

We want to find the smallest perturbation matrix∆des, measured by the largest singular value

σ̄(∆), that destabilises the closed-loop system, i.e. the matrixI − M∆ is singular. From the

singular value decomposition it is clear thatσ̄(∆des) = 1/σ1. This can be seen from

M = σ1u1v
H
1 + σ2u2v

H
2 + · · ·

∆des =
1

σ1

v1u
H
1

(4)

Hence the largest singular value ofM can be defined by

σ̄(M) =
1

inf{σ̄(∆) : det(I − M∆) = 0,∆ ∈ Cm×n}
(5)

For further discussion, see [1].

Next, we let∆ to be restricted to a block diagonal form of the following structure

∆ = diag(δ1I1, . . . , δsIs,∆1, . . . ,∆F ) : δi ∈ C, Ii ∈ C
mi×mi

,∆j ∈ C
mj×mj (6)

The structured singular valueµ∆(M) is now defined by

µ∆(M) =
1

inf{σ̄(∆) : det(I − M∆) = 0,∆ ∈ ∆}
. (7)

Given the similarity between̄σ(M) and µ∆(M), note thatσ̄(M) is a norm butµ∆(M) is

not. The structured singular valueµ∆(M) does not satisfy the triangle inequality. But it satisfies,

µ∆(αM) =| α | µ∆(M), for any α ∈ C, which can be seen as a “measure” of how big the

matrix M is.
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II. B OUNDS ON THE STRUCTURED SINGULAR VALUE

The computation ofµ∆ is exponential in time. Therefore, for problems of high dimension it

is impractical or impossible to computeµ∆ exactly. A remedy for this is to compute upper and

lower bounds ofµ∆, which can be done in polynomial time, for many cases.

The structured singular valueµ∆(M) is bounded by

ρ(M) ≤ µ∆(M) ≤ σ̄(M) (8)

whereρ is the spectral radius. These bounds are not practical for computational purposes. The

bounds can be tightened by transformations onM that do not change the structured singular value

µ∆, but change the spectral radiusρ, and the largest singular valuēσ(M). First we introduce

the following sets of scalings

U = {U ∈ ∆ : UU
H = I} (9)

D ={diag[D1, . . . ,Ds, d1I1, . . . , dF−1IF−1, IF ] :

Di ∈ C
ri×ri , Di = D

H
i > 0, dj ∈ R, dj > 0}

(10)

The following relations hold for allU ∈ U , D ∈ D

µ∆(MU) = µ∆(UM) = µ∆(M) = µ∆(DMD
−1) (11)

For a proof, see [1].

The structured singular valueµ∆(M) can now be bounded by

max
U∈U

ρ(UM) ≤ µ∆(M) ≤ inf
D∈D

σ̄(DMD
−1) (12)

For the lower bound, equality holds. Howeverρ(UM) has several local maxima. A practical

algorithm to compute the lower bound is the power algorithm.The upper bound can be computed

by solving a convex optimisation problem. However, equality does not hold in general.

The computation of realµ is a difficult problem,µ can even be a discontinuous function,

especially for badly damped flexible systems making the frequency griding approach for evalu-

ating the lower bound unreliable. To this end, new approaches have been proposed for computing

upper and lower bounds ofµ without frequency griding [3], [4]. Realµ appears in connection

to clearance of flight control laws when investigating robustness with respect to variations in

uncertain real parameters such as the centre of gravity position or the aerodynamic coefficients.

For mixedµ problems, the difficulty of computation depends on the ratioof complex versus real

uncertainty.

For a further discussion see [5]–[11] and the references therein.

III. F ROM NONLINEAR MODELS TOLFT MODELS

When usingµ-analysis for clearance purposes of a closed-loop nonlinear aircraft model

the model first needs to be transformed or represented in the form of a Linear Fractional

Transformation (LFT). This is one of the main difficulties, along with those computational issues

mentioned in section II, when applyingµ-analysis for practical problems. To create an LFT-based

32



uncertainty model from a linear system description is a reasonable straightforward work but to

generate a good LFT model for an uncertain nonlinear system requires additional effort. A

Matlab toolbox has been developed that considers the modelling, manipulation, order reduction

and approximation of uncertain systems in LFT-form [12].

There are several methods for generating LFTs that fall intotwo main categories. Numerical

approximations and symbolic linearisation using physicalmodelling methods.

Numerical methods are natural to use when the model and its uncertainties are of numerical

nature and the dependence on the uncertainties is unknown. Several methods exist [11] and given

that good trimming routines are available, the process can be fully automated [13]. However,

the result is most likely be conservative and it will be difficult to connect a worst case in the

state space with the corresponding worst case in the uncertainty space.

Symbolic linearization methods require a complete modelling in nonlinear dynamic equations

and a rational representation of the uncertainties. If the aerodynamics can be represented as

nonlinear dynamic equations and given there exist sufficient computational resources the lin-

earised LFT-based uncertainty model will reflect well the original behaviour. But in practise

the nonlinear equations usually need to be simplified and especially the stability derivatives

representing the aerodynamic forces and moments which tendto be very complex functions and

are often represented in the form of look-up tables. This forces simplifications and assumptions

with the consequence that the LFT-based uncertainty model does not capture well the original

system. There are workarounds and methods to handle part of these problems. The look-up tables

representing the aerodynamic data are approximated by rational functions in the parameters and

the approximation error introduced by these rational functions can be assessed by introducing

additional uncertain parameters in the LFT representation.

Finally, any applied method that results in an LFT-based uncertainty representation needs to

be thoroughly validated against the original nonlinear model. Depending on the structure of the

original model and available information different methods will be appropriate for the task of

generating the LFT representation. If the LFT representation is believed to be conservative but

the µ-analysis only shows a few regions which cannot be cleared itis a successful method.

IV. CLEARANCE CRITERIA

µ-analysis is a frequency-domain analysis technique and is based on linear control system

theory and robust control. Linear stability criteria can berepresented in an LFT framework and

verified byµ-analysis. Gain and phase margins are typical classical clearance criteria which can

be addressed byµ-analysis based clearance. Such criteria are formulated using Nichols exclusion

regions, often with trapezoidal shape and those can be well approximated by ellipsoids [7].

In [9] they approximate the traditional trapezoidal shape Nichols exclusion regions with Padé

approximations in aµ-framework, which approximate the original Nichols exclusion zone much

better than the use of ellipsoids. Worst case eigenvalue criterion requires griding and can be a

weakness if the bound computation ofµ is expensive. In [5], [11] it is shown how a different

griding technique can explore the system properties more effective than the traditional sweep of

the imaginary axis,s = jω.
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µ-analysis have been extended to include some nonlinear criteria. In [10] they discuss the

limit cycle analysis in connection to aµ framework. See also [8] for a discussion on extensions

to nonlinear criteria.

V. A NALYSIS CYCLE

The following design cycle is mainly taken from [7]

1) Generate an LFT uncertainty model of the closed-loop aircraft model

2) Validate the LFT model

3) Check clearance criteria

4) Examine worst case uncertainty

VI. CONCLUSIONS

The advantages of theµ-based clearance of flight control laws are,

• the computation of several flight clearance criteria is polynomial in time by computing

lower and upper bounds forµ, compared to exponential in time for the traditional griding

of the uncertainty space,

• the flight parameters like altitude and Mach number can be directly included in theµ

framework as uncertainties, and do not have to be griding points like in a traditional griding

approach,

• µ-based clearance is build on a solid theory of robust control,

and the disadvantages are,

• µ is not a proper norm, this makes it less clear how modelling errors influence the results,

• the computation of severalµ-based clearance criteria is based on frequency griding andas

a result narrow peaks can be missed, although as mentioned previously there have been

proposed various methods to overcome this problem.

• there will be modelling errors between the LPV/LFT-model and the original nonlinear

model.

It is remarked thatµ-analysis is computationally intensive for high-order systems or high-order

LFTs which will appear in the case of flexible aircraft. Therewill be a need to come up with a

representative, sufficiently low-order LFT model for flexible aircraft and to develop efficientµ

algorithms for large order systems.
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[10] C. Döll, G. Ferreres, and J.-F. Magni, “µ tools for flight control robustness assessment,”Aerospace Science and

Technology, no. 3, pp. 177–189, 1999.
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