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Acronyms

ETD Enhanced Tree Decoposition
LFR Linear Fractional Representation
LFT Linear Fractional Transformation
LMI Linear Matrix Inequality
LPV Linear Parameter Varying
LTI Linear Time Invariant
SLICOT Subroutine Library in Systems and Control Theory
TD Tree Decomposition
VS Variable Splitting

Notations

K controller matrix
G plant model
δ parameter vector
∆ uncertainty matrix
Π uncertain parameter set
Fu(·, ·) upper LFT
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In n-dimensional identity matrix
0n n× n zero matrix
R set of real numbers
Rn×m set of n by m matrices with elements in R
C set of complex numbers
Cn×m set of n by m matrices with elements in C
1-d one-dimensional
n-d n-dimensional (multi-dimensional)
µ structured singular value
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1 Introduction

Many physical dynamical systems can be described by differential equations depending
on parameters, which are either not exactly known (i.e., uncertain) or are time-varying.
The analysis and design of controllers for such systems ensuring the stability and per-
formance requirements for all allowable parameter variations and over the whole range
of operating conditions is a highly complex task but it may be efficiently addressed by
employing advanced techniques like µ [33]. The key aspect of these linear system based
analysis and synthesis approaches is employing special model uncertainty descriptions
based on Linear Fractional Transformation (LFT) [33].

In principle, it is straightforward to transform a linear plant model including un-
structured and structured uncertainties into a Linear Fractional Representation (LFR).
However, this transformation is not unique and the blindfold application of ad-hoc meth-
ods [27] generally leads to LFRs of high complexity. LFT based robust control methods
are numerically highly demanding and of high computational complexity, e.g., many
methods are based on solving a large system of Linear Matrix Inequalities (LMIs) [9].
Therefore the application of these methods is restricted to LFRs of reasonable com-
plexity, otherwise the computation time will be unacceptable, the numerical errors will
increase or the methods may even fail.

The report is structured as follows. In section 2 some ideas are presented to generate
a linear, rational parametric model, which is required to allow the transformation into
linear fractional form. This will be the first step in the LFR realization process as espe-
cially the COFCLUO models are either given as a nonlinear flight mechanics model or
as a set of linear aeroelastic models, which both cannot be directly used for LFR gener-
ation. In section 3 some direct LFR realization approaches and the object-oriented LFR
realization technique are briefly described. As one of the main aspects in LFR realization
is to generate LFRs of least possible order, a method to calculate a lower bound for the
LFR order is also presented, which may be used to quantify the order of the resulting
LFRs. The object-oriented LFR realization approach will probably be the method of
choice during the COFCLUO project as a very efficient software implementation exists,
which is briefly described in section 4 [17, 18, 20].

2 From nonlinear to linear parametric models

Many physical dynamical systems can be described by a continuous-time, nonlinear,
parametric plant of implicit form

0 = f(ẋ, x, u, δ)
y = g(x, u, δ)

(1)

where f ∈ Rn and g ∈ Rp are vector functions, x ∈ Rn is the state vector with ẋ
as its time derivative, u ∈ Rm is the input vector and δ ∈ Rk is a vector of physical
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parameters. The parameter values are bounded by their minimum and maximum values
and the admissible parameter value set is defined as

Π = {δ : δi ∈ [δi,min, δi,max], i = 1, . . . , k} (2)

Each parameter δi may be described in different units and the ranges of admissible
values may differ by orders of magnitudes. For the application of LFT-based tech-
niques for robust stability analysis and robust controller synthesis (e.g. µ-analysis and
µ-synthesis) it is generally required that the uncertain parameters are normalized to lie
in an k-dimensional cube centered at the origin.

To perform the normalization of parameters, δi can be replaced by a rational para-
metric function ni(δ̃i) such that δi = ni(δ̃i) with |δ̃i| ≤ 1. The function ni(δ̃i) is chosen
such that, δi,min = ni(−1), δi,max = ni(1), δi,nom = ni(0), where δi,nom ∈ [δi,min, δi,max]
represents the nominal value of the parameter δi. Hence the nominal system

0 = f(ẋ, x, u, δ)|δ=δnom

y = g(x, u, δ)|δ=δnom

can be represented as

0 = f(ẋ, x, u, n(δ̃))|
δ̃=0

y = g(x, u, n(δ̃))|
δ̃=0

.

This is convenient because the nominal system corresponds now to a normalized system
where all parameters are zero, i.e., δ̃ = 0.

In robust control applications, non-linear parametric models of the form (1) are useful
to perform parameter sensitivity studies (e.g., via simulations). However, the application
of LFT-based robust control synthesis and analysis techniques requires a linear descrip-
tion or approximation of the nonlinear plant (1). Such a description can be obtained
by applying Jacobian-based linearization or by reformulating the nonlinear plant in a
quasi-Linear Parameter Varying (LPV) form. Both methods are briefly described in the
following. For a comprehensive treatment see [26, 19, 22].

2.1 Jacobian-based linearization

Recall that a trim point ẋt, xtrim, utrim, ytrim, δtrim of the plant model (1) satisfies 0 =
f(ẋtrim, xtrim, utrim, δtrim), ytrim = g(xtrim, utrim, δtrim) and if ẋtrim = 0 it may be an
equilibrium point of (1).

Definition 1. The functions ẋtrim(δ), xtrim(δ) and utrim(δ) define a family of trim points
for (1) on the set Π if

0 = f(ẋtrim(δ), xtrim(δ), utrim(δ), δ), δ ∈ Π
ytrim = g(xtrim(δ), utrim(δ), δ).

(3)
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The n + p nonlinear equations (1) must be solved (trimming) to determine n + p free
components of these vectors selected from a total of 2n+m+ p components. Note, that
the values of the remaining n + m components are set to values defining specific trim
conditions.

A corresponding family of linearized parametric descriptor systems is defined by

E(δ)ẋδ = A(δ)xδ + B(δ)uδ

yδ = C(δ)xδ + D(δ)uδ

(4)

where

E(δ) = −∂f

∂ẋ
(ẋtrim(δ), xtrim(δ), utrim(δ), δ)

A(δ) =
∂f

∂x
(ẋtrim(δ), xtrim(δ), utrim(δ), δ)

B(δ) =
∂f

∂u
(ẋtrim(δ), xtrim(δ), utrim(δ), δ)

C(δ) =
∂g

∂x
(ẋtrim(δ), xtrim(δ), utrim(δ), δ)

D(δ) =
∂g

∂u
(ẋtrim(δ), xtrim(δ), utrim(δ), δ)

(5)

and where

ẋδ = ẋ− ẋtrim(δ), xδ = x− xtrim(δ), uδ = u− utrim(δ) and yδ = y − ytrim(δ). (6)

For each fixed value of δ ∈ Π the linearization (4) describes to local behavior of the
nonlinear plant (1) about the corresponding trim point.

If the inverse of E(δ) exists it is possible to obtain an explicit parametric state-space
system of the form

ẋδ = Ã(δ)xδ + B̃(δ)uδ

yδ = C(δ)xδ + D(δ)uδ

(7)

where Ã(δ) = E(δ)−1A(δ) and B̃(δ) = E(δ)−1B(δ).
The main limitation of the Jacobian-based linearization is that in general there exists

no analytical solution for the functions ẋtrim(δ), xtrim(δ), utrim(δ), ytrim(δ). A common
practice is to simply substitute these functions with their numerical values at the cor-
responding trim point, computed for the nominal value of δ. The resulting Jacobian
matrices in (5) (obtained for example using symbolic differentiation) depend explicitly
on the parameters in δ. However, in this case all the information about the parametric
dependence of ẋtrim(δ), xtrim(δ), utrim(δ), ytrim(δ) is lost and the validity of the linear
approximation (4) is strongly limited. To increase the validity of the linear model repre-
sentation, a more sophisticated way is to calculate polynomial or rational approximations
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of these functions [30] based on physical knowledge of the parametric dependence in the
entries of the matrices in (4).

In [23] another method that uses Jacobian-based linearization is proposed. Here you
start by creating a symbolic LFR of the nonlinear system and then linearize the system.
To make an LFR from the nonlinear system you substitute all terms that are nonlinear or
time varying in nature with symbolic parameters, and compute an exact symbolic LFR of
your nonlinear system. Then approximate and substitute the nonlinear parameters with
their rational or polynomial approximations which can be represented as a new LFR.
The system can then be further manipulated, in this way you obtain an LFR of low
order that is a good approximation of the nonlinear system. After these manipulations,
the nonlinear LFR is linearized using the Jacobian-based linearization.

2.2 Quasi-LPV models

For gain-scheduling control design a linear plant description may be obtained by rewrit-
ing the nonlinear model (1) in quasi-LPV form, if possible. The idea is to hide nonlinear
terms, that may also depend on state variables, in newly defined parameters that can be
measured and are employed as scheduling variables. This means that in various parts
of the model, state variables must be relabelled, while they remain dynamical variables
elsewhere. Consider for example the nonlinear system

ẋ = A(x, δ)x + B(x, δ)u
y = C(x, δ)x + D(x, δ)u,

(8)

with x(t) confined to some operating region X ⊂ Rn. It is clear, that the solutions of
(8) are a subset of the solutions of the system

ẋ = A(δ)x + B(δ)u

y = C(δ)x + D(δ)u,
(9)

with δ ∈ Π×X. Hence, it is possible to over-bound the nonlinear system (8) with a quasi-
LPV system (9). This may introduce some conservativeness as no a priori knowledge of
the arbitrarily varying parameters in δ is assumed and the explicit dependence on the
state variables is not exploited.

Both methods, the Jacobian-based linearization and the quasi-LPV approach achieve
linearity in the plant description, however this is done in quite different ways.

In general, for the realization of LFRs, only rational parametric dependence is al-
lowed in the entries of the linear plant descriptions and therefore finally all remaining
nonlinearities in these matrices must be approximated by rational functions.
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2.3 Parametric approximation

In the COFCLUO project the aeroelastic aircraft model is not given in the form (1), but
a set of linearized models

ẋ = A(l)x + B(l)u

y = C(l)x + D(l)u, l = 1 . . .m,
(10)

will be given to describe different aircraft configurations and flight conditions. Therefore,
no a-priori parametric dependence is provided with the models.

2.3.1 Physically motivated interpolation

Usually each set of system matrices (A(l), B(l), C(l), D(l)) is generated for a known set
of physical parameters δ(l) = (δ(l)

1 , . . . , δ
(l)
k ), where e.g., the δi may represent the aircraft

mass or the mach number. As a starting point, some generic parametric dependence
of the entries a

(l)
ij , b

(l)
ij , c

(l)
ij , d

(l)
ij of the system matrices may be taken from standard

textbooks about flight mechanics [10]. The additional/unknown parametric dependence
of the entries a

(l)
ij , b

(l)
ij , c

(l)
ij , d

(l)
ij can then be approximated by multivariable polynomi-

als, where the polynomial coefficients are obtained by solving a least-squares regression
problem [30]. Finally one obtains a parametric state-space system ((A(δ), B(δ), C(δ),
D(δ))), which interpolates the set of linearized models as given in (10).

Important to realize though is that the the ad-hoc method of approximating the entries
a

(l)
ij , b

(l)
ij , c

(l)
ij , d

(l)
ij as functions (polynomials/rationals) of the uncertain parameters one by

one is not guaranteed to yield good results, since the method fails to consider important
properties of the overall system, such as, e.g., poles. To illustrate the problem that may
occur with a naive element-wise approximation, consider for example a system with two
states,

A =
(

a11 a12

a21 a22

)
(11)

with a11 = 0.95 and a22 = −1.05 constants, a12 = f(δ) = π
2 + arctan(δ) and a21 =

g(δ) = − 1
f(δ) . This system has its poles in s = a11+a22

2 ±
√

(a11−a22)2

4 − 1 = −0.05
for all δ. In order to define a polynomial approximation, A(δ) was sampled 200 times
equidistantly in the interval δ ∈ [−1, 1]. Despite interpolating the elements a12 = f(δ)
and a21 = g(δ) with high order polynomials of order 15, yielding a model with less
than 2 percent approximation errors of the elements, you still get poles that are far
from constant. In fact, the resulting LFR model ((A(δ), B(δ), C(δ), D(δ))) can exhibit
oscillatory and even unstable behavior for certain choices of the parameter δ, even though
all original (sampled) systems (A(l), B(l), C(l), D(l)) are stable. This is depicted in Figure
1. An improved approximation strategy that takes the properties of the system into
consideration is an important open research topic.
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Figure 1: Poles for the interpolated system when δ vary. Whereas the original parameter-
varying system has a parameter-independent set of stable real poles, the ap-
proximate model can have both unstable and complex-valued poles.

2.3.2 Approximation using non-physical/arbitrary parameters

If there is no information about the dependence of the model set (10) on physical pa-
rameters one may introduce arbitrary parameters to approximate (10) by a parametric
state-space system ((A(δ), B(δ), C(δ)). The simplest way will be to define one inde-
pendent uncertain parameter for each entry aij , bij , cij , dij of the system matrices and
to take the related minimum and maximum values from the model set (10) as variation
bounds [4].

3 Realization of Linear Fractional Representations (LFRs)

First of all, the matrix function called linear fractional transformation (LFT) is intro-
duced.

Definition 2. Consider the partitioned matrix

M =

[
M11 M12

M21 M22

]
∈ C(p1+p2)×(m1+m2) (12)

and the two complex matrices ∆ ∈ Cm1×p1 and K ∈ Cm2×p2 . The upper LFT with
respect to M and ∆ is defined with

Fu(M,∆) = M22 + M21∆(I −M11∆)−1M12 (13)

provided the inverse (I − M11∆)−1 exists. A lower LFT with respect to M and K is
defined as

Fl(M,Ω) = M11 + M12K(I −M22K)−1M21 (14)
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provided the inverse (I −M22K)−1 exists. Furthermore, let

z = M11w + M12u

y = M21w + M22u

w = ∆z

(15)

and

z = M11w + M12u

y = M21w + M22u

u = Ky

(16)

be the equation-based representations of the upper LFT and lower LFT, respectively.

The definition of upper and lower LFT should be clear from the diagram representa-
tions of Fu(M,∆) and Fl(M,K) in figure 2.

M11 M12

M22M21

M21

M11 M12

M22

∆

z

y

w

u

y

z

u

w

K

Figure 2: Diagram representations of Fu(M,∆) and Fl(M,K)

The upper LFT describes the relation between y and u after closing the upper loop, i.e.
w = ∆z and y = Fu(M,∆)u. Similarly, the lower LFT describes the relation between z
and w after closing the lower loop, i.e. u = Ky and z = Fl(M,K)w. In the literature,
usually the upper LFT is used to represent uncertainty in plant models and the lower
LFT is used to represent the feedback interconnection of the plant M with a controller
K. The short term LFR (Linear Fractional Representation) will be used to denote the
upper LFT representation of an uncertain parametric model.

In an LFR, M22 typically stands for the nominal model (i.e., corresponds to ∆ =
0), while M11, M12 and M21 describe the structure of how the uncertainty affects the
nominal model. Hence the LFR can be employed to represent an uncertain model as a
feedback interconnection of the model uncertainties described by ∆ and a nominal plant
model.
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Example 1. Consider the simple scalar parametric expression G(δ) = δi, which can be
directly realized as

δi = Fu(M,∆) = Fu

([
0 1
1 0

]
, δi

)
(17)

and will be denoted as elementary LFR.

LFR realization problem: Given a p2 × m2 real matrix G(δ) depending rationally
on k parameters grouped into the real vector δ = (δ1, . . . , δk). Find matrices M,∆ such
that

G(δ) = Fu(M,∆) (18)

where M ∈ R(p1+p2)×(p1+m2) and

∆ = diag(δ1Ir1 , . . . , δkIrk
) (19)

with lowest possible order r, defined as r = p1 =
∑k

i=1 ri. Note, that the matrix ∆ has
block-diagonal structure, motivating the terminology of structured uncertainty.

Hence the ultimate goal is to find LFRs of minimal order. However, representing a
parameter dependent matrix as an LFR is basically equivalent to a multidimensional
realization problem [8], where a minimal realization theory is still lacking. For 1-
dimensional systems, like standard state-space systems (or equivalently, systems with
only one diagonal block in ∆), a minimal realization can always be obtained by elimi-
nating unobservable and uncontrollable parts from the representation. Unfortunately for
multidimensional systems similar techniques generally do not yield a minimal realization
[8, 12].

3.1 Direct LFR-realization approaches

In [6, 32, 31] some direct approaches to realize an LFR for a parametric uncertain system
are described. These methods are restricted to systems with polynomial parametric
dependence and for rational parametric systems a polynomial factorization has to be
calculated prior to the LFR realization.

To the best of the authors knowledge there exists no public available implementation
of the method described in [6] as it involves some heuristics, which may prevent the
development of a systematic procedure to automatically perform the LFR realization
for non-academic, parametric systems.

In [31] the LFR realization problem is reduced to the construction of an admissible
multidimensional polynomial matrix and a systematic procedure is also sketched. How-
ever the method also involves some heuristics and at least for all examples given in [31],
the object-oriented LFR realization process as described in the next section yields LFRs
of lower order.
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3.2 Object-oriented LFR-realization process

The overall process can be spilt into three steps:

1. Symbolic preprocessing: The role of symbolic preprocessing in building low
order LFRs of a given rational parametric system matrix is to find equivalent rep-
resentations of individual matrix elements, entire rows/columns or even the whole
matrix, which lead to LFRs of lower order when realized with the object-oriented
LFR realization approach. One may choose among many methods like transfor-
mation to Horner form, the structured tree decomposition [11] and/or the variable
splitting factorization. A detailed description can be found in [14]. Recently a new
decomposition algorithm was proposed in [24], that is called Logic Horner Tree.
It is built on the previous symbolic techniques but with the difference that it uses
an information management scheme to evaluate the best parameter ordering to
achieve low orders for the resulting LFRs. This is mainly to reduce the number of
computations and allows to avoid an exhaustive approach.

2. Object-oriented LFR realization: The method is described in [27] and in [15]
it is extended to allow to direct LFR realization of general rational parametric
systems. The basic idea is to realize elementary LFRs (17) for each uncertain
parameter and to use basic LFR manipulation formulas for addition, subtraction,
multiplication, inversion and row/column concatenation to build an LFR for a ra-
tional parametric matrix. The method is very flexible and can be easily automated,
thus allowing an efficient and reliable implementation, which is available with the
LFR Toolbox for Matlab Version 2 [18, 20].

3. Numerical order reduction: In a last step one may try to reduce the order of
the LFR by using numerical multidimensional order reduction algorithms [27, 12],
which are also implemented in [18]. There are papers [5, 12] that discuss minimality
of LFTs, but that is under the assumption that the uncertain parameters do not
commute. However in the case of the LFTs we are investigating here, all uncertain
parameters commute. As the last step in the LFR realization procedure one usually
applies 1-d or n-d numerical order reduction techniques. The idea behind the 1-d
method is to repeatedly perform standard 1-dimensional order reduction for each
uncertain parameter. The n-d technique [12], works in a similar way but considers
all parameters at once. This technique geenerally yields LFRs of lower orders
compared to the 1-d method.

3.3 Lower-bound for LFR order

In multidimensional-system theory [8] there exists no solution for the generation of a
minimal order LFR for a multivariate parametric matrix. However, in order to quantify
the complexity of an LFR, which is obtained after application of symbolic preprocessing,
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object-oriented LFR realization and exact numerical order reduction, it is important to
have at least a lower bound for the achievable minimal LFR order.

A simple procedure to determine a lower bound for the LFR order of a polynomial
parametric matrix G(δ) is to determine for each parameter δi the maximum power mδi

over all matrix entries gi,j(δ). A lower bound is then given by
∑k

i=1 mδi
. As an example,

a lower bound of s is obtained for the parametric vector G(δ) =
[

δs
1 δs−1

1 . . . δ1

]
,

where the maximum power of δ1 over all vector entries is s. In this case the lower bound
is exact and describes the minimal LFR order for this parametric vector. However, the
same lower bound is obtained for the parametric matrix G(δ) = diag(δs

1, δ
s−1
1 , . . . , δ1),

where the minimal LFR order is s(s+1)/2. This shows that for parametric matrices, this
method may result in a very bad estimate for the minimal LFR order, which comes from
the fact, that the structural information for the occurrence of the parametric expressions
in the matrix is not considered.

To overcome this problem the following procedure to calculate a more accurate lower
bound for the minimal LFR order is proposed:

1. Set counter i = 1.

2. Substitute all parameters in G(δ), except δi, with random values resulting in the
one-parametric matrix Gi(δi).

3. Construct a minimal order LFR (Mi,∆i = δiImi) for Gi(δi).

4. If i < k then increment i and go to step 3, otherwise got to step 5.

5. The lower bound is given by m =
∑k

i=1 mi.

The proposed procedure can be easily implemented and for practical examples it yields
quite good estimates [14]. For the above mentioned matrix G(δ) = diag(δs

1, δ
s−1
1 , . . . , δ1),

the lower bound will now be exactly the minimal LFR order. The following example
shows, that in some cases a gap between the lower bound calculated with proposed
procedure and the exact minimal LFR order can not be avoided and to the best of the
authors knowledge there exists no method to exactly calculate the minimal LFR order.

Example 2. Consider the parametric vector G(δ) =
[

δ1δ2 δ1 + δ2

]
. In this case the

procedure yields a lower bound of m = 2. However, there will exists no LFR of order
less than 3.

4 LFR Toolbox for Matlab Version 2

The LFR-toolbox is a Matlab toolbox for the realization of LFRs for uncertain system
models. With this toolbox, LFRs can be directly obtained from symbolic expressions or
via object-oriented manipulation of LFR objects.
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The version 1 of the LFR-toolbox has been implemented by the author of [21] and
generates standard LFRs for systems with structured (parametric) or unstructured un-
certainties of real or complex type. The generation of low order LFRs is supported
in various ways. Special functions for symbolic preprocessing techniques as Mortons
method [25] for affine uncertainty representations and the tree decomposition [11] for
polynomial matrices are provided. Furthermore numerical multidimensional order re-
duction and approximation methods [12, 27] for LFRs are available. These algorithms
rely on standard minimal realization tools available in the Control Toolbox of Matlab.

The present version 2 of the LFR-toolbox [18, 20] includes major enhancements, which
are mainly focused to improve the capabilities for low order LFR modelling. With the
support of the generalized LFR [15] it is now possible to realize arbitrary rational expres-
sions as LFRs. Furthermore, the new LFR object definition is more transparent, user
friendly and supports additional types of uncertainties to be directly compatible to other
Matlab toolboxes like the µ-Analysis and Synthesis toolbox [3], the LMI toolbox [13] and
the Robust Control toolbox [2]. Significant enhancements of the computational efficiency
and of numerical accuracy have been achieved by employing efficient and numerically ro-
bust Fortran implementations of order reduction tools via mex -function interfaces. The
new enhancements in conjunction with improved symbolical preprocessing lead generally
to a faster generation of LFRs with significantly lower orders.

4.1 Object definition

The core function lfr to create an LFR object is called inside almost all functions of
the toolbox. An LFR object L can be created with the command
L = lfr(A,B,C,D,blk);

where the first four input arguments specify the LFR system matrices A,B, C, D (rep-
resenting the submatrices M11, M12, M21 and M22 of M) and the fifth argument blk
describes the block-diagonal structure of ∆. The argument blk is a structure array
with two fields, names and desc, containing, respectively, the names associated to the
diagonal blocks of ∆ and the corresponding uncertainty type description. The five input
arguments can be recovered from the object L as the fields L.a, L.b, L.c, L.d, and
L.blk, respectively.

As an example, the fields names and desc of the structure description argument of an
LFR object with ∆ = diag(δ1I2, δ2) can be specified as

blk.names = {’d1’,’d2’};
blk.desc = [ 2 1 % row-dimension of blocks

2 1 % column-dimension of blocks
1 1 % real(1) / complex(0) blocks
1 1 % scalar(1) / full(0) blocks
1 1 % linear(1) / nonlinear(0) blocks
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1 1 % time-inv.(1) / time-var.(0) blocks
1 1 % min/max(1)/sector(2)/freq.(>2) bound
2 2 % min/max(2)/sector(1)/freq.(>2) bound
-1 -1 % minimum value of bounds
1 1 ] ; % maximum value of bounds

where blk.names is a cell-array of two strings containing the names ’d1’ and ’d2’
given to the two diagonal blocks of ∆, and the values in each column of the real array
blk.desc specifies the corresponding information describing each diagonal block (see
below).

Each block in ∆ is uniquely identified by its name, which makes the manipulation
of LFR objects flexible and transparent. For example, additional uncertainties can be
easily added to an LFR object and the already defined block names can be modified (e.g.,
by using the function set). The special names ’1/s’ and ’1/z’ are reserved for the
integrator block I/s (continuous-time systems) and the delay block I/z (discrete-time
systems), respectively. These blocks can be included in ∆ to represent standard linear
time-invariant systems (continuous- or discrete-time) as LFR objects. Furthermore the
special name ’1’ is reserved for a constant identity matrix block I in ∆. This block
plays a major role in representing arbitrary rational parametric expressions as LFRs.
An internal LFR object reordering (function reorderlfr) is performed after each LFR
object manipulation where the constant block (if exists) is placed in the first block
diagonal position of ∆, the integrator/delay block (if exists) is placed in the second
block diagonal position followed by all the uncertainty blocks in a lexicographic order.

For each name in the field names there exists a corresponding column in the field desc,
which describes the row/column dimensions and properties of this block. The LFR
object supports real or complex structured uncertainty (or dynamic) blocks and real
or complex full unstructured uncertainty blocks. These blocks can have the properties
linear/nonlinear and time-invariant/time-varying (in the case of nonlinear uncertainties
the property time-invariant means memoryless). Furthermore, the field desc includes
bound information for each uncertainty block, which can be described by min/max-
values, a sector bound (for nonlinear uncertainties) or a SISO frequency dependent
bound.

For Matlab versions 6.1/6.5, conversions to LFR objects from LTI-objects of the Con-
trol Toolbox, PCK-system representations of the µ-Synthesis Toolbox as well as constant
matrices, are automatically performed via the core function lfr. For Matlab versions
7.0/7.1, conversions from umat, ureal, ucomplex and uss-objects of the Robust Con-
trol Toolbox to LFR objects are supported. Furthermore, one may use the functions
lfr2mu, lfr2mubnd, lfr2mussv, lfr2mustab and lfr2lmip to generate the required
data structures for robust stability/performance analysis and controller synthesis using
the µ-Analysis and Synthesis toolbox or the LMI-toolbox under Matlab 6.1/6.5 or the
function lfr2rob for conversions to the objects supported by the Robust Control toolbox
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under Matlab versions 7.0/7.1.

4.2 Symbolic preprocessing

All the methods for decomposition of multivariate rational functions and matrices de-
scribed in [14] are supported by the function sym2lfr of the toolbox. The function is
called with several options.

Besides the Horner form, partial fraction form, continued fraction form and the En-
hanced Tree Decomposition (ETD) the function also allows to choose code generation
techniques for optimized evaluation of polynomial/rational functions as symbolic pre-
processing [16]. Therefore the Maple function optimize from the codegen package is
employed. A tryhard option can be chosen to check all possible permutations for the
Horner, partial fraction and continued fraction forms and the LFR with the lowest re-
sulting order is provided as output.

For the Variable Splitting (VS) factorization the user can choose between a separate
factorization of each matrix element or a column/row wise application. The resulting
two factors are then further processed with the ETD. The sets δs,i for the definition of
the VS factorization can be determined automatically, manually or one may choose a
tryhard option, where all possible combinations are calculated and the LFR with the
lowest resulting order is provided as output.

When the ETD is chosen, a standard feature of the function sym2lfr is to split a
rational matrix G(δ) into a pure rational part G1(δ) and a Laurent polynomial part
G2(δ, δ−1), such that G(δ) = G1(δ) + G2(δ, δ−1). The matrix G2(δ, δ−1) can be di-
rectly processed, whereas for G1(δ), a left (or right) fractional representation of the form
G1(δ) = D−1(δ)N(δ) (or G1(δ) = N(δ)D−1(δ)) is calculated and the ETD is applied to
the concatenated polynomial matrix

[
N(δ) D(δ)

]
(or

[
N(δ)T D(δ)T

]T ). Finally,
LFR manipulation formulas are used to obtain an LFR for G1(δ). It is possible to avoid
the splitting of G(δ) and to calculate a left (or right) fractional representation for the
whole matrix. However, the calculation of common denominators, which is necessary to
obtain the fractional representation, may result in more complex symbolic expressions
and this may increase the resulting LFR order.

To increase the efficiency of the symbolic calculations, many of the core functions are
directly implemented as Maple functions and executed within the efficient Maple kernel
via the Extended Symbolic Toolbox of Matlab.

4.3 Numerical order reduction

Efficient and numerically reliable tools for order reduction of LFRs are of primary im-
portance to ease the usability of such models. To achieve efficiency of computation,
numerical robustness and a high accuracy of results, the toolbox relies on Fortran based
robust implementations of algorithms for basic computations related to order reduction.
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A language like Fortran allows to easily exploit all structural features of a computational
problem with low additional computational effort and minimum memory usage. Fortran
routines can be easily executed within the user friendly environment Matlab via external
functions, the so called mex -functions. Several mex -functions based on powerful Fortran
routines from the LAPACK-based [1] public domain control library SLICOT [7, 28] form
the order reduction computational kernel of the LFR-toolbox.

The LFR-toolbox provides several order reduction tools for exact or approximative
reduction of order. The exact 1-d order reduction technique [27] can be performed using
the function minlfr1 which is based on the efficient (O(n3) complexity, with n as the
order of a state-space system) SLICOT-based mex -function ssminr for the calculation of
minimal realizations. Note that a pure Matlab-based implementation using the Matlab
Control Toolbox function minreal would have a O(n4) worst-case complexity. 1 The
approximative 1-d order reduction [29] can be performed using redlfr1, which is based
on the collection of model reduction tools available in SLICOT [28], covering the bal-
anced truncation, singular perturbation approximation and Hankel-norm approximation
approaches. All these methods are implemented in a single mex -function sysred which
is called by redlfr1 to cyclically reduce 1-d systems (assimilated to discrete-time). With
an appropriate scaling of the A (M11) matrix of the LFRs (necessary to ensure stabil-
ity in discrete-time sense), this function can be also employed to perform exact order
reduction.

The function minlfr can be used for n-d order reduction [12]. In version 2 of the LFR
Toolbox this function has been completely re-implemented to improve efficiency. The
calculation of the n-d controllability/observability staircase forms relies on the O(n3)
complexity SLICOT-based mex -function sscof to compute controllability/observability
staircase forms using orthogonal transformations. Note that a pure Matlab-based im-
plementation using the Matlab Control Toolbox function ctrbf would have a O(n4)
worst-case complexity.

The SLICOT-based mex -function balsys is systematically called in all order reduction
functions to perform a system scaling of the LFRs as a preliminary operation within the
order reduction routines. As the LFRs resulting from the object-oriented realization
approach can have matrices with a wide range of values, this operation is essential
before computing numerically sensitive controllability staircase forms.

The order reduction functions can be applied manually at any stage of the LFR realiza-
tion or can be executed automatically after each object-oriented LFR manipulation (e.g.,
multiplication, addition, etc.). To set global options (e.g., to perform or not automatic
order reduction), the function lfropt can be used. This function basically defines a set
of global variables to control the order reduction and to set the associated tolerances.
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based parametric uncertainty descriptions from generic aircraft models,” Mathemat-
ical and Computer Modelling of Dynamical Systems, vol. 4, pp. 249–274, 1998.

[31] L. Xu, H. Fan, Z. Lin, Y. Xiao, and Y. Anazawa, “A constructive procedure for
multidimensional realization and LFR uncertainty modelling,” in Proc. ISCAS2005,
Kobe, Japan, 2005, pp. 2044–2047.

[32] E. Zerz, “Linear fractional representations of polynomially parametrized descriptor
systems,” in Proc. 3rd Portuguese Conference on Automatic Control (Controlo 98),
1998.

[33] K. Zhou, J. C. Doyle, and K. Glover, Robust and Optimal Control. Prentice Hall,
1996.

20


	cofcluo_d141.pdf
	Introduction
	From nonlinear to linear parametric models
	Jacobian-based linearization
	Quasi-LPV models
	Parametric approximation
	Physically motivated interpolation
	Approximation using non-physical/arbitrary parameters


	Realization of Linear Fractional Representations (LFRs)
	Direct LFR-realization approaches
	Object-oriented LFR-realization process
	Lower-bound for LFR order

	LFR Toolbox for Matlab Version 2
	Object definition
	Symbolic preprocessing
	Numerical order reduction



